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Caching

TB's GB's

383434343ft
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hard drive RAM CPU

slow faster fastest


































































Model n items k cache slots n k

1 2 3 4 5 6 7 n t n

mais El
hard drive

m Bogies
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RAM

items is is m requested online

items get loaded into cache when served

n k evict items from cache


































































cache strategies who to evict
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items is iz m requested online

items get loaded into cache when served

n k evict items from cache
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Model n items k cacheslots ns

BIBI DID miss
harddriv

Caching strategies me RAM

items is is m requested online
itemsgetloadedintocachewhen serv
n K alsoevict items from each
Goal minimize cachemisses
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Model n items K cacheslots n

5555555 miss

Caching strategies É iii
RAM

items is is m requested online

Least frequently used LF U itemsgetloadedintocachewhen serv
n K alsoevict items from each
Goal minimize cachemisses

Least recently used LRU

d R d d B

mark requested items

evict unmarked items
if all cache items marked then

remove all marks and try again


































































Model n items k cacheslots n

5555555 m is
harddriv

Worst Case Analysis m

RAM

items is is m requested online
itemsgetloadedintocachewhen serv
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Notrecentlyused NRU aka 1 Bit LRU

mark requested items
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if all cacheitemsmarked then
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Model n items K cacheslots n

sworstratserAnalysis 5555555mi is a
harddrive

1 31 1 if 8 0 0Reframe analysis competitive ram

items is iz m requested online
itemsgetloaded intocachewhen serv
n K alsoevict items from eachif there is a good cache strategy then Goal minimize cachemisses
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mark requested items
evict unmarked items

11 if all cacheitemsmarked then
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Competitive analysis of LFU

is it good bad why


































































Request LFU Optimal
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Request LFU Optimal
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cont'd
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leastfrequentlyused Request LFU Optima

Competitive analysis of LFU 1

Funds
1 1

3 items 1 2,33
cache size k 2
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Request LFU OptimalTheorem
1

LIU has unbounded
a 1 1 1
rounds

competitive ratio E E
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not recentlyused

Competitive Analysis of NRU
Recall
NRU I Bit LRU

mark requested items

evict unmarked items
if all cache items marked then

remove all marks and try again

Claim NRU has competitive ratio Ek
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NRU I Bit LRU
mark requested itemsClaim YpRYYt I k evict unmarked items
if all cacheitemsmarked then
remove all marks andtry again

Proof fix sequence of requests

Ei ez ez e4 es es ez Eg Eg Go eh er 93,94

split into runs whenever we reset marks

reset marks reset marks resetmarks resetmarks resetmarks

er ez ez e4 es es ez es Eg Go eyer fufuta
each run betweenresets has k distinct items

NRU has s k misses per run


































































NRU 1 Bit LRUeach run betweenresets has k distinct items mark requested items
evict unmarkeditems

resetmarks resetmarks resetmarks resetmarks resetmarks if all cacheitemsmarked then
remove allmarks andtry again

tf eg 90 eh e mfmf splitinto runs whenever we resetmarks
resetmarks resetmarks

apr 8 eg eio.euerz.m

first item after run is distinct from
the k distinct items in the run

Any cache must miss either

one of the last k 1 items in run

1st item in the next run

OPT has I miss per run


































































resetmarks resetmarks resetmarks resetmarks resetmarks NRU 1 BitLRU
mark requested items

191 4,4
1 8 eg eio.eu eImbmf rs evict unmarkeditems

if all cacheitemsmarked then
remove allmarksandtryagai

first item after run is distinct from
the k distinct items in the run

each run betweenresets has k distinct items
Any cache must miss either

NRU has k misses per run
one of the last k 1 items in run

1st item in the next run

OPT has 1 miss per run
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not recentlyused

Competitive Analysis of NRU
Recall

NRU 1 Bit LRU

mark requested items
evict unmarked items randomly
if all cache items marked then

remove all marks and try again

Theorem NRU has competitive ratio k

LRU is a special case of NRU

better


































































Randomized NRU 1 Bit LRU

mark requested items

evict uniformly random unmarked items
if all cache items marked then

remove all marks and try again

claim randomized NRU is

Ollogk competitive in expectation


































































Randomized NRU 1 Bit LRU
claim randomized NRU is mark requested items

evictuniformlyrandom unmarkeditem
if all cacheitemsmarked then

Clogk competitive in expectation
remove allmarksandtryagain

proof

split into runs whenever we reset marks

reset marks reset marks resetmarks resetmarks resetmarks

Eisele
es es eio.eu er.m m u

each run coetweenresets has k distinct items divided into

new items that are not in previous run

repeat items also in previous run


































































Randomized NRU 1 Bit LRU

potential mark requested items
evictuniformlyrandom unmarkeditem
if all cacheitemsmarked then

in OPT's cache remove allmarks andtryagain
items both claimrandomizedNRU is

not in NRU cache Ollogk competitive in expectati

resetmarks resetmarks splitinto runs whenever weresetmarks

consider a single run le es eg en en es.ea.e.iejeii
each run betweenresetshas k distinctitemlet Iin I before run Iout I after run new items not inprevious run

repeat items also in previous r
l new items in run k e repeats

claim OPT misses l IIN

why


































































in OPT's cache Randomized NRU 1 Bit LRU
E items both mark requested items

evictuniformlyrandom unmarkeditemnot in NRU cache if all cacheitemsmarked then
remove allmarksandtryagain

resetmarks resetmarks claimrandomizedNRU isconsider a single run le es eq eco en Ollogk competitive in expectati

splitinto runs whenever we resetmarks

Egenesite s e espI __g before run

pe mem also in previous r

f new items in run K l repeats each run atweenresetshas k distinctitem
new items not inprevious run

OPT misses Z L FIN

claim OPT
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in OPT's cache Randomized NRU 1 Bit LRU
items both mark requested items

evictuniformlyrandom unmarkeditemnot in NRU cache if all cacheitemsmarked then
remove allmarksandtryagain

resetmarks resetmarks claimrandomizedNRU isconsider a single run le es eq eco en Ollogk competitive in expectati

splitinto runs whenever we resetmarks

Eghemesite s e espI __g before run

pe mem also in previous r

f new items in run K l repeats each run atweenresetshas k distinctitem
new items not inprevious run

OPT misses Z L FIN I

OPT misses I out

OPT misses zltqgt.FI


































































in OPT's cache Randomized NRU 1 Bit LRU
items both mark requested items

evictuniformlyrandom unmarkeditemnot in NRU cache if all cacheitemsmarked then
remove allmarks andtryagain

resetmarks resetmarks claimrandomizedNRU isconsider a single run e eg eg eio en Ollogk competitive in expectati

splitinto runs ikiitwereiiii.islet Iin I before run Iout I after run
É s eses egecoenter

l new items in run K l repeats each run atweenresetshas k distinctitem
new items not inprevious run

repeat items also in previous rNRU miss all I new items
opt misses 485e

P NRU misses 1st repeat
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in OPT's cache Randomized NRU 1 Bit LRU
items both mark requested items

evictuniformlyrandom unmarkeditemnot in NRU cache if all cacheitemsmarked then
remove allmarks andtryagain

resetmarks resetmarks claimrandomizedNRU isconsider a single run e eg eg eio en Ollogk competitive in expectati

splitinto runs i.EE we re iiilet Iin I before run Iout I after run
É s eses egeio.euer.m

I new items in run K l repeats each run atweenresetshas k distinctitem
new items not inprevious run

repeat items also in previous rNRU miss all I new items
opt misses 485NRU misses 2nd repeat


































































Randomized NRU 1 Bit LRU
I items both

in OPT's cache
mark requested items
evictuniformlyrandom unmarkeditemnot in NRU cache if all cacheitemsmarked then
remove allmarks andtryagain

resetmarks resetmarks claimrandomizedNRU isconsider a single run e eg eg eio en Ollogk competitive in expectati

splitinto runs whenever we resetmarkslet Iin I before run Iout I after run EEE.si i ea.eiipii
l new items in run K l repeats each run atweenresetshas k distinctitem

new items not inprevious run

NRU miss all I new items repeat items also in previous r

OPT misses
1

851NRU misses 2nd repeat

After 1st repeat cache has

it w w

l new items 1st repeat k l 1 items
item from prev run


































































in OPT's cache Randomized NRU 1 Bit LRU
items both mark requested items

evictuniformlyrandom unmarkeditemnot in NRU cache if all cacheitemsmarked then
remove allmarks andtryagain

resetmarks resetmarks claimrandomizedNRU isconsider a single run ey ey eq eio en Ollogk competitive in expectati

splitinto runs i.fi werelet Ein I before run Iout I after run feee8egeio.euerz.m

I new items in run K l repeats each run coetweenresetshas k distinctitem
new items not inprevious run

repeat items also in previous rNRU miss all I new items
opt misses gPENRU misses ith repeat


































































in OPT's cache Randomized NRU 1 Bit LRU
items both mark requested items

evictuniformlyrandom unmarkeditemnot in NRU cache if all cacheitemsmarked then
remove allmarks andtryagain

resetmarks resetmarks claimrandomizedNRU isconsider a single run e eg eg eio en Ollogk competitive in expectati

splitinto runs whenever we resetmarkslet Iin I before run Iout I after run
EEE.esiiie ea.eiijeiii

l new items in run K l repeats each run atweenresetshas k distinctitem
new items not inprevious run

NRU miss all I new items repeat items also in previous r

OPT misses
1

811P NRU misses ith repeat

T.IEenewite ms
repeat items from prev run


































































in OPT's cache Randomized NRU 1 Bit LRU
items both mark requested items

evictuniformlyrandom unmarkeditemnot in NRU cache if all cacheitemsmarked then
remove allmarks andtryagain

resetmarks resetmarks claimrandomizedNRU isconsider a single run e eg eg eio en Ollogk competitive in expectati

splitinto runs whenever we resetmarkslet Iin I before run Iout I after run
EEE.esiii ea.eiipii

l new items in run K l repeats each run atweenresetshas k distinctitem
new items not inprevious run

repeat items also in previous rNRU miss all I new items
opt misses EgPENRU misses 1st repeat

e
PENRU misses 2nd repeat IT
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in OPT's cache Randomized NRU 1 Bit LRU
items both mark requested items

evictuniformlyrandom unmarkeditemnot in NRU cache if all cacheitemsmarked then
remove allmarks andtryagain

resetmarks resetmarks claimrandomizedNRU isconsider a single run e eg eg eio en Ollogk competitive in expectati

let Ein I before run IoutIafterruniiiiiiiiiiii.ie iii
l new items in run K l repeats each run atweenresetshas k distinctitem

new items not inprevious run

repeat items also in previous rNRU miss all I new items
opt misses E5PENRU misses ith repeat i
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ΣE misses on repeats IF l In k


































































Randomized NRU 1 Bit LRU
I items both

in OPT's cache
mark requested items
evictuniformlyrandom unmarkeditemnot in NRU cache if all cacheitemsmarked then
remove allmarksandtryagain

consider a single run E es e e if
claimrandomizedNRU is
O logk competitive in expectati

let Ein before run Fout after run splitinto runs whenever we resetmarks

l new items in run k e repeats eggees.fiiE.ea.eiifi.I
each run betweenresetshas k distinctitem
new items not inprevious runOPT misses

per run repeat items also in previous r

ET NRU misses It link
d new items in run

et L total new items over all runs J I after run
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Randomized NRU 1 Bit LRU
et L total new items over all runs mark requested items

evictuniformlyrandom unmarkeditem
if all cacheitemsmarked then
remove allmarksandtryagain

total OPT misses 42 claimrandomizedNRU is
O logk competitive in expectati

E NRU misses It In K L splitinto runs iii it were iii
s ezes egeio.eueiz.m
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Buy or rent


































































Skiing seems fun

but you don't own skis

rent or buy
depends on

how many
times you end
up skiing


































































Buying a car

or take

everywhere


































































Keep hard drive

spinning when

not in use

even more relevant
in trend towards

heterogeneous systems
emphasis on power consumption


































































model

k dollars to buyinteger

1 dollar per day to rent
D days we Ski inhindsight

tricky don't know l

each day we decide to buy rent online


































































s to buy 1 per rent I ski days

If we knew l

if l k rent every day
if l k buy on first day
OPT min K I
in hindsight


































































k to buy 1 per rent I ski days

OPT min K I
in hindsight

goal online strategy
competitive w OPT

Question

2 competitive algorithm


































































Is to buy I per rent D ski days
OPT min k l
in hindsight

goal online strategy competitive w OPT

2 competitive algorithm
first K l days rent

k th day buy
E cost 2min k E3 2 OPT


































































Half skis

buy 1 ski for k 12 dollars

am
L

still need 2 skis each day

OPT in hindsight Min K l

Ask rent both skis each day
1315 7 Guy both skis each day

Better than 2 competitive ratio


































































suppose you can

buy 1 ski for k 2 dollars
OPT inhindsight min K I c

l k rent bothskis eachdayrent I ski for dollars
stillneed 2 skiseachday l K buy clothskis each day

Better than 2 competitive
ftp.T

gqkgg
day IEEE


































































suppose you can
OPT inhindsight min K C see

buy 1 ski for K 2 dollars l k rent bothskis eachdayrent 1 ski for dollars
stillneed 2 skiseachday l K buy bothskis each day

Better than 2 competitive
EERIE

Massage Day buy one ski
day

Day K buy 2nd ski

for 1 518 pay
5

42 8
for l in between better than rentboth buy1

for l k pay K 31
rentboth rent1 buyboth


































































suppose you can

buy 1 ski for k12 dollars

Still need a skiseachday

OPT hindsight min be

I lek rent bothskis eachdayrent I ski for Yadollars
1315 7 Guy bothskis each day

Better than 2 competitive

hazy Day stg buy one ski
day

Day k buy 2nd ski

for 1 5148
pay Sgt 981 GOPT

rentboth Guy1
for l in between better than

for lek pay
5 21.381 k E KOPI

rentboth rent1 buyboth


































































Liquid skis

buy 1 ski for 142 rent I ski for Ya OPT min k l

Mfg

Better than 2 competitive

day spezza Day 581 buy one ski

Day k buy 2nd ski

Similarly
If you can buy skis by the fourth
then competitive ratio would improve more

Continued to the limit arbitrary fractions


































































X fractional skis bought on day 1
fractional skis bought

taffff
on day 2 7 2

MEEEEEX fractional skis bought on day 7

Yi fractional skis rented on day i

min k x t Xe y Ye
st X t t Xity for each day i


































































X fractional skis bought on day i
Y fractional skis rented on day
min K x t Xe y mtye
sit x t txity 21 for each da ih sÉÉÉÉg

Mama
OPT in hindsight min k I

if l k set x xe 0 and y ye 1

if l k set x 1 and x Xe y yet 0

Kx 1 x 1 8

FE


































































X fractional skis bought on day i y fractional skis rented on day i

minkextntxelts.me
JhʰthÉÉÉgxg

sit X t t Xity 21 for each day i
OPT inhindsight min k I Eazy
Idea target competitive ratio 1 8

870 TBD

Pay Its every day until we completely buy on day k

day 1 I 8 k x 1 x x
k 1 x2 StX

2 4
5 17day 2 1 5 12 17,12 X2

day i 1 8 kxit 1 x x x ED EstEci


































































Xi fractional skis bought on day i y fractional skis rented on day i

minkat testy Ye
TffÉÉfgggg

sat X t Xity 21 for each day i
OPT inhindsight min K I EggyIdea target competitive ratio 1 8

870 TBD

Pay Its every day until we completely buy on day K

X


































































Xi fractional skis bought on day i y fractional skis rented on day i
min

klx.tmtxeltyitmtye.TTtFfs.t.XtmtXity 21 for each day i
OPTcinhindsight min K I 3322926261
Idea target competitive ratio 1 8

870 TBD

Pay Its every day until we completely buy on day K

X Stx t i i


































































Xi fractional skis bought on day i y fractional skis rented on day i

minklx.tn e yet Ye Tsfsat X t Xity 21 for each day i
OPT in hindsight min K I 3322426611
Idea target competitive ratio 1 8

870 TBD

Pay Its every day until we completely buy on day K

X Stx t i i

1 X t Xk


































































X fractional skis bought on day i y fractional skis rented on day i

minkex.tn e taimte hs
ÉhÉÉÉggg

sit X t txity 21 for each day i
OPT inhindsight min k I Bagg
Idea target competitive ratio 1 8

870 TBD

Pay Its every day until we completely buy on day K

X txit Iii
1 x t Xk x t t Xk 1

H 7m E
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Xi fractional skis bought on day i y fractional skis rented on day i
min k x t Xe
tyitmtyes.t.xtmtxity.isforeachday f ÉÉÉfgg
OPT inhindsight min K I Edgy
Idea let 870 TBD

Pay Its every day until we conveyed
then competitive ratio Its

Xi Stx t i i

I S competitive ratio

1.582

8 x ̅


































































Its To

E buy k x t Xe
E rent day 1 x x Y


































































update rule
x X.tmtxi.pt S TBD

7
Yit 1 x t t x

ownership is exponentially increasing
at Ataxia

Fatownership
after i days after i I days

cost per day
Kxity X tmtxi.it Stl m

1 8
meanwhile

OPT pays 1 per day for first k days












































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































