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connectivity

Input G V E undirected
m edges n vertices

S TEV

Q is there a path from
s to t yes no not
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BFS DFS Take

linear time and space
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can connectivity be solved in
Not

Yes No voting

linear space 96 4 liars

O logo n space 96 1

Ollogn space 91 5

Ollogn space 7 92.5
deterministically



can connectivity be solved in

Yes No Not

voting
BFS

linear space DES
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Electrical networks



can connectivity be solved in O log n space

algorithm
1 repeat O log n times

a start at SEV

6 randomly walk for 0 mn steps
c if walk visits return TRUE

2 return false



random walk terminology

Hitting time Hls T expected steps until a

random walk from s reaches t

Cover time s expected steps until a

random walk from s visits every vertex



an connectivity besolved in OClogn space
randomwalk terminology

algorithm
Hittingtime HlsT expected steps until a

1 repeatOllogn times random walk from s reaches t
a start at SEV
6 randomly walk for O mn steps Cover time s expected steps until a
c if walk visits t return TRUE random walk from s visitsevery vertex2 return false

Theorem

If G is connected then Ccs E men 1





Electrical networks

mm

I 1 unit flow

electricity takes the path of least resistance



flow of least resistance

each edge e has resistance re 0

for flow E Ryo

electrical energy erefe

electrical flow flow of least energy



electrical Σrefe electrical
flow

flow of

energy eee least energy
1 5

I 05
7

2
05 t.IS g

s

5 7 02
1.05

3 1 3
i

I
IS pos

2 3.1
1

1 7 1.05 s

l 1

I 1 unit flow



Electrical flow convex minimization I is s's s s

math setup I it
5 l l
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electrical Érefeenergy
7 electrical flow of

I flow least

energy3
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in
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Fe 027 Fel units flow in direction of e
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Electrical flow convex minimization at is

math setup iiiiii
Flow constraints linear system Imitson

a

2 1 14def B IRE IRV by electing Erefeflows L 24
electrical

2 flow
flow of

V 32 least energBf net flow at orientedgesarbitrarily

s.fi'sα 3 7
9B is a linear function check

ss

B is a matrix IRVXE 70 Ifelunitsflow indirection of e
feco Ifelunitsflow in oppositedirect

we want
1 if v s

Bf d where dv 1 if v t

0 otherwise



Electrical flow convex minimization is Is
i n

as a

2 I 1unitflow

min refe sit BF d electrical ΣFEIRE energy eee
ref

electricalenergy
f routes d

electrical flow of
flow least energ
orientedgesarbitrarily

s

electrical optimum in
5flow solution

f 0 Ifelunitsflowindirectionof
feco Ifelunitsflowinoppositedirec

des B B IRVby
Bf net flow at V
B is a linearfunction check

we should study general B is a matrix IRVXE

optimality conditions
we want Bf d

where do I
O otherwi
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min ref sit s
g

is
FEIRE

B F d
electricalenergy

f routes d s
i i

s sos

Tirst order conditions

Ohm's Law let f route d emission a

electrical Σ refif is the Fe PÉ e un energy eee
electrical flow for some p V R electrical flow of

flow least energ
vertex potentials orientedgesarbitrarily

Fii
3s

70 Ifelunitsflowindirectionof
feco Ifelunitsflowinoppositedirec

des B IB IRVby
Bf net flow at V
B is a linearfunction check
B is a matrix IRVXE

we want BF d

where do
O otherwi
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Tirst order conditions

Ohm's Law let f route d s
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electrical flow vertexpotentials
for some p V R unitslow

electrical Σ
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electrical flow of
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orientedgesarbitrarily

claim no negative cycles w r t
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70 Ifelunitsflowindirectionof
feco Ifelunitsflowinoppositedirec

des B B IRVby
MJ Bf net flow at V
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O otherwi



15
First order conditions pr Pu l e ios i s's
Ohm's Law let f route d
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s

electrical flow vertexpotentials
for some p V IR unitslow

eleiiy E.eeProof let f be electrical flow
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least energedge lengths l e refe gradient flow

orientedgesarbitrarily
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Bf net flow at V
B is a linearfunction check

p u p v e v u frigidity f B is a matrix RWE

we want BF d
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O otherwi
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Tirst order conditions

s
t is

Ohm's Law let f route d

iii
in

f is the Fe Pff e lu u
electrical flow vertexpotentials

for some p R unitslow

electrical refeProof suppose energy
electrical
flow

flow of

g any flow routing d
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orientedgesarbitrarily

f g is a circulation net flow 0 everywhere s's
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Laplacian re E
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a is a

iii iiiBR BT ERVV a

I 1unitflow
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1 a2 0 otherwise
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Lemma Lp d and ford s at is

iii ieffective
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electrical reftreaffe Pr Pu energy
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M Iunitflow k

electrical Érefeenergy
electrical flow ofHitting time HlsT expected steps until a flow least energ

random walk from s reaches t
def B IBI IRVby
Bf net flow at V

y

Cover time s expected steps until a a I It
0 otherwiserandom walk from s visits every vertex

min retest Bfd

effective
resistanceof d

optimum
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Ohm's law F R B
forelectricflow electricpotentials

L BR BT EIR
effective
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Hitting time HCsT expected steps until 2 is is

a random walk from s reaches iii is
i
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fix TEV
I 1unitflow
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electrical flow of

H U T It a Σ H x t flow least energ
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Bf net flow at V
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0 otherwise
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Lemma
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I 1unitflow

electrical reftenergy
electrical flow of
flow least energ

des B B IRVby
Bf net flow at V
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0 otherwise
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s 2
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flow
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