

























































Discrepancy minimization

via Gaussian random walks




























































Lecture 1

Probability orithmsAlg
Events probabilities

Probabilities

Approx 3 SAT
Bigidea weonlywanttheaverage

LinearityofExpectation 0 otherwise

am p
let Yi I isithclausesatisfied

EHHEXTENTconditional 2 ÉY clausessatisfied

let y I isithclausesatisfied
o otherwise cismm EEZ EETZIX.TT FELIX funion bound ETY 78 11clausecase

ET IT Y ÉETY 78m eitherETZIX.TTorETZIX.FI isZEE

R dom variablesan

value
Quicksort

Xp Id
p

expectedrunningtimeosanicksort

p element y
III

anesteement

Pixies

compareatosinsman

mm

j ITfIMI Ex total comparisonsmade igelemiscomparedwith
thealgorithmDividesintotwopartslinearity of expectation animism

pivot th pivot Etgxi averagerunningtime

Markov's inequality
Hw

www.se.ec

sortrecursively ET.gx.F.EE In Exist
ET peETxi

pivotsorted M pivotsorted

jpjj gjtianharmonic

Quickselect




























































Lecture 2

Probability Algorithms
Hash Functions

Frequency Estimation
Universal HashFunctions

h nok sit forallpairs i seen Heavy Hitters instreams
Prthci hg Et muchweakerthanidealhash

e.g hex Lax6 modp modk
where pprime k h

g

Az hz6 in O m p13unit random
Ashas

Markov's Inequality
h

estimate fi w
Adhd min

j Ind Ajthj.ciMarkov's Inequality specialcases

Let X 20 be nonnegative RV

PrTXZ LEXIE




























































Profanity
Algorithms

k wise independence

higher order moment

Hash tables w

chaining t

linear probing
generalizating universal hash
functions and Markov's inequality

as a strident man an

MN
h tu tms Importantlemma EIIIIF.ciiiI.eqigy

s

gg

g

ÉÉÉÉÉ

is x occupiescelle thenk values v vanvicetu allof Thate occupied

Phx v hGzvz mblackvietmk andM ETXtmt X ThenforB 0 xLex a tax tax't tankmodp
PrTXitmtxnzmtpjstmg.baherepenprime M MMhMMoh MMwww ntM A




























































job
ability Algorithms

Random ContractionsGalton Watson processes
for min cut

w
a 3k 75 69
3 3 E

g

25 86

minim Ekitilet T completebinarytreeofheightK
w everyedgedeleted w prob 12

Fact PTsomeleafconnectedto root Amplificationbybranching
GaltonWatsonprocess

Randomized contractions
Insteadofrestartingatthe

InputG vE weightscer
while14

capacities

sampleeeeinproportiontoo a
a

beginningrestartpartwaythrough

Highlevelalgorithm
contracte randomlycontractuntilprob

returnsetofedges inoriginalgraph 4 a a
contractedtoremainingedge 3 ofruiningthemincut is s

4
s n a Branch

f I 3 maketwocopiesofcurrentgrap
s




























































Lecture 5

Probability Algorithms Cresults

Multiplicative Random graphs
Chernoff Bound

the giant component

Multiplicative Chernoff bound
ErdosRényi graphs GenPlet X m X ETO17 be independent n vertices

µ ETX tmt X eachedgesampled independently
w probability p

EECO1

PIX tmt Xn item I e M3

PIX tmtXnI l em I e EM




























































Lecture 6

Probability steam orithmsAlgques

Approximations via Max Sat

linear programming Set cover
randomized rounding Covering

Integer Programsnearprograms LPs LPBasedApproximations
modelasIP approximate

solution

I integrateminimax gx aBasedapproximations

my

ÉisitAixb t RoundingLPsolution i

sit A116
I staresd

El satclauses t YeOPT qq.jp xeTo1J m FEESm.sn
over ahhh ÉÉ

moggy
Ern ÉigÉilinearAzx6 manconstraints maxE.si

Asx6 overyet.siet Minimumsetco
relaxtoo safet.EEzziEFIFD EXj OPT

to
ausiiii.si

Goat.seectksetsse

EEE six a point i
stElise intoweringp g 4ÉIgÉ

sp
continuous ÉÉDiscrete PIFnotcoveri T

sp
1 8Ee's.fi'sset

optimization optimization PIFcover i 21 é y I issinse
o otherwise




























































job
ability Algorithms

Continuous
Distinct ElementsRandom Variables
i is is in is

inVariance Chebyshev's some
coalestimate ofdistinctelementsinthestream

xp

T

X min X heel
h Ems to.IT

d d

EX KIT KCtd 4Variance Reduction letY.m.Yeto.ITindependentanduniformlyrandom
return 1

Median trick letYiYearw 10 errorprob in OC spaceinggggoalshow X EX EEygoodprog whatabouthighprobability thenEx e
makegEspiesY m Y of

andEat p

E 117 EX xp
Pyxayyy

my
oxesVariance foreachelement

returnmedian ofY YEvarix É inequality ÉÉI

si

takemeanto reducevariance

Q how to reduce Vara

Chebyshev's inequality getconstantproboferror letz correctYi'sEtz q kiteindercopiesTara IM I
8 I Yi's red

textureTakemedian toamplifysuccessPHXENI LIEVay prob exponentially
I notesforqollogn




























































Lecture 8

Probability Algorithms

Dimensionality
Gaussian

reduction
random variables

Gaussian randomvariables

X NG 62
1 Bagofwords

mean
Iariance literally any sentence is fine

random variable ever

k FaiDef thenicest mostpleasant convenient an itgII.gjenffmienIpengish
ETHAN'S ELAN KHxM

Fact let x NIM07 LER Dimensionality Reduction highlevel
then 7 2 N Mtd 63 Ollogn dimensions suffice Aijxjr.NOx

Lx N 2M 67 where n points
Fay let x Nlm 514

z e
948

Then X x2 NIMtmz6,762 Ax ark 0,11112

Fact let X NCO1 K's one can map n pointsinto
1130408 e PRIVAXE KHAICHE

thenEfetx It whilepreservingall distances upto IIe APX




























































joy
ayyy Algorithms

Locality sensitive

hashing

Approximate
nearest neighbors

Randomlineembedding Buckets

hex Legx to w gNd Nearest neighbor search
a outputpepw 44,91 40

tend t Leto17unitrand

Input n points peppy
Types of distances

my

6 delarenopePw14Cp.a7s0TEsigng.xytsignkg.y 4 Euclidean distance

define h d 1,23kby x 2112 ftphiGx7 signkgix7 wgird
whenqueryingy 9020 ddimensional

y
ifthereisXEPw 46,4710then it collides
w probability ZYa

expect to collide w at mostonepointXEP
Query givengelid find closestpointin Pto q




























































Lecture 10

Probability Alglandtechniques orithms

Specialcaseuniformsparsestcut
w uniformdemands blunt 1 tu

L metric

embeddingjpg g

sparsest Cat

s

am'htioning

divideconquer

distancefromsuritiengths ftp.ti iatgmlyatrandom
MaxFlow fractional

sparsestcat
QhowtoroundLPtosparsecutInputundirectedgranariesedgecapacitiescansore

coatcomputescuminimizing
min.EE celdcu.uovermetricsdvxv rzo jjIsi iETcapacityofcut arson

s
n gy

I gyin Suppose deanwasoftheform
EEE

jjj.jpf ggg
milk

aunt 154sealfor fv50.13over xP 7k over y Rao assumemainscanmansard
causeteams

É.FIEIgeYe I o satye bleshortestcaseD continuousanalgesia paths I É.ttEEI tI ggyy.y Limetric




























































pjayyy
Algorithmsandtechniques

sometimesviacorrespondence betweencasemetrics
InputundirectedGCVE w edgeweights w Ryo

kmedianclustering d

me my

metriclabeling
so that shortestpathson T are closeto Tgroupsteinertree Randomizedmetricaltasksystems

dyCan delayvehiclerouting
hierarchicalplacement

distributed kserver
coveringSteinertree

eseproam.a.ee s em.n

i
distance.no

am ItItstretche polylogen te

theorem In randomized polynomialtime
randomized hierarchical dominatingtreemetricw

ETstretche SOClogn feet
DA D y

in

i i s s i AM




























































pjayyy
Algorithmsandtechniques

E samples
Additive

and E nets
Chernoff Tnequality

Double sampling

dimension let samplekpointswrepetition let samplekpointswrepetition

Esampletheorem go

raises
P M make rep app

AdditiveChernofffound

k make trek ppg
k onightesamplek o get enetwanna Keokukesamplek o get enetwww.aaa subsets

E nettheorem HW87

Is 01h19d Esamplgcmmp.am 1520 Enet
constantprobabilityletX mXne0,17beindependent

µ e.ggcn Ond e.g gen Ond

EECO.D.in
kzO dk Esample kzOdbgt Enet

pftfnzmtel.se25h menhit mening
man_loft mace'EindependentofIPIC

pitftenty.pl ntxnsmeJseaeangens
maifiiitai ii pyftxnzmty.pe ntxnsmejseaeangensmaiiitoi




























































Lecture 13

Probability andtechniques Algorithms 9 4 Is

Consistency model

PAC learning model

Generalization error

Occam's Razor

Generalization by growth




























































Lecture 14

Probability candtechniques Algorithms
modelsand
applications

Entropy Optimal
Error Correcting
Codes




























































Lecture 15

Probability candtechniques Algorithms
modelsand
applications

Lora's z Local Lemma Moser's resampling

algorithm




























































Lecture 16

Probability candtechniques Algorithms
modelsand
applications

Random Walks Pagerank

Stationary Distribution

Perron Frobenius Theorem




























































Lecture 16

Probability candtechniques Algorithms
modelsand
applications

High dimensional
Discrepancyrandom walks

minimization
More fun w Gaussians




























































Balanced coloring
color points red blue sit all sets have same of each

discrepancy of set I blue red l

goal minimize max discrepancy




























































Balanced coloring
color points red blue sit all sets have same of each

discrepancy of set I blue red l

goal minimize max discrepancy




























































Additive Chernoff bound

let X m Xn E 0,1 be independent

µ ETX m Xn n EECO 1

P tn mte e
2in

P h
m e e

28m

Balanced coloring
colorpointsredbluesit allsetshavesame of e

discrepancyof set blue real
goal minimize max discrepancy




























































N sets and n points Balanced coloringassume
colorpointsredbluesit allsetshavesame of e

max discrep of online coloring

discrepancyof set I blue redl
goal minimize max discrepancy

AdditiveChernoff bound

let X m X E10,17 be independent

µ ETX tmt Xn In EECO1

PEEK ante s e den

PEEK em e se
28h




























































assume n sets and n points Balanced coloring
colorpointsredbluesit allsetshavesame of e

max discrep of online coloring

Fogh by additive Chernoff discrepancyof set I blue real
goal minimize max discrepancy

union bound AdditiveChernoff bound

let X m XnE 0,1 be independent

µ ETX m Xn n EECO1

Better p intimate e
2in

P XF em e seen

Spencer 1985 O Vñ

more generally O VÑm n for m sets n points

proof was existential in nature

Algorithm




























































Better Balanced coloring
colorpointsredbluesit allsetshavesame of e

Spencer 1985 O Vñ

more generally O Vngn
for m sets n points discrepancyof set 1 blue real

goal minimize max discrepancy

proof was existential in nature AdditiveChernoff bound

let X m XnE 0,1 be independent

Algorithm m ETXitmtxnneeco.is
P tn mte e

2in

Bansal 2010 O V5 log mln PE nem etse 2en

Based on rounding SDP

Lovett Meka 2012 O VntogmI

high dimensional random walk


















































































































































































Balanced coloring

Partial coloring lemma
colorpointsred bluestallsetshavesame of e

high level

rand algo computes XE F 2,11 s.t

discrepancyof set I blue redl
a X Si I 0 Unt S goal minimize max discrepancy

Input Si SmeIn

6
atleast

half of coordinates are tight
coat xei.is ymgXs

where X Si5g
Partial full tight coloring high level Fractionalcoloring xet 2.2

X tight lx121 EwhereE

Repeatedly until all Xi tight
a partially color

6 fix a tight coordinates remove them

Note Unlogit decreases geometrically



























































































































































































































































































































































































































































































































































































































































































































































































































































Balanced coloring
colorpointsred bluestallsetshavesame of e

discrepancyof set I blue redl
goal minimize max discrepancy

Input S m SmE In
min max XcsGoal

XE 1 23 Si
where X S 9

jes
Fractionalcoloring XE I 1,1
X tight lx 121 Ewhere E

Partialcoloring lemma

XoEFI I XET2 IT si

Ca XoSi XSi 10 nlogtmin

6 I of Xi's are tight
Twolemmasabout Gaussians
For Y NCO64 Pr1141276712e
Y YTER W Ytlyme NCOG ForGf

y year
Si o f tightSi then Pray t t GIZAVT I 2e 2

Yj 0 Atight jeTn



































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































