













































































Conductance Mixing Time
















































































Probability andtechniques Algorithms
modelsand
applications

Random Walks Pagerank

Stationary Distribution

Perron Frobenius Theorem
















































































Probability candtechniques Algorithms
modelsand
applications

Hitting times Connectivity
in Ollogn spaceCover times

Electrical networks
cemmanca.at yasamEEeEicfiow iiii.fiiiiiiiTheorem s 2mn

T.mxIeiy
Eir.e is Yitifierandomwalkterminology Iff.fiiijigiiIII5 2 ÑÉHittingtimeHCsT expected steps until a 1

randomwalkfrom s reaches 5 i

Etuataras Iiiii Iiii3.051
covertime Cs expected steps until a am a EEwsamend irandomwalkfrom s visitsevery vertex I 1unitflow
















































































Probability andtechniques Algorithms
modelsand
applications

Spectral theorem
for symmetric maps

Spectral analysis of
random walks
















































































Let R have eigenvalues

Mi I Z Mz 2mn 1

Theorem let 8 1 max uz lunt

IIR x SHE I 8 VIII
as ÉEYn
















































































Lecture 19

Probability candtechniques Algorithms
modelsand
applications

Spectral theorem
for symmetric maps

Spectral analysis of
random walks
















































































Lecture 20

Probability candtechniques Algorithms
modelsand
applications

Conductance Fiedler's algorithm
for low conductance

Cheeger's inequality cuts

Conductance based

mixing time
















































































Recall

Sparsest cut

Input undirected graph G V E

edge capacities e 0 for eeE

demands 6 u v 0 for u VEV symmetric

Goal compute SCV minimizing

SCS cut few edges
sparsity split up many pairs

UES VES

SCS edges cut by S
















































































Recall

Special case uniform sparsest cut

w uniform demands blu v 1 u v

sparsity 9588

n

useful primitive for graph partitioning divide conquer
















































































Lecture 10

Probability Alglandtechniques orithms

Specialcaseuniformsparsestcut
w uniformdemands blunt 1 tu

L metric embeddings
nniyyid

sparsest Cat

s

am'htoning

divideconquer

embedverticesoniroasedon

MaxFlow fractional
sparsestcut

so saw QhowtoroundLPtosparsecutInputundirectedgranariesedgecapacitiescansore

i É ÉÉ
mmmm

coatcomputescuminimizing
min.EE eldcu.vsovermetricsdvxv Ro 1ÉÉ

anormPathPackingLP ETcapacityofcut s.t.jgbcs.ndcs.at ii IIIw
maximize xp mttugveringLPI gig eee

CePrtecut
Ip ti dean ElStu 671for f V10,1over xP 7k over y Rao assumemainscanmansard

canssteam

St É
sopfexpsceefigle.EI.geYe

m
a beat ye bleshortest0 continuousanalgesia paths I É.ttEEIEIgyg

4metric
















































































Setup notation

undirected graph G V E

edgeweights w E Ryo

for SCV S 5 set of edges cut by S

w S S weight of edges cut by S

for SCV rolls Σ deg vVES

5 VIS
















































































G V E undirected

Conductance edgeweightsw E R

S 5 edgescutby

Vol 5 v0 5 rolls Edeger
conductance of 5 V vol572

for Scv Yes
min

less T.EE
18s

conductance of 6

6
min

DESEV
NCS
















































































Sparsity Conductance

is s min ok5

4 not voting

highmedium low

0 high 0 high h 6high
sparsity

4 medium 4 med oned
h 9 low h 12 low Olow
0 high high high

conductance 0 and In 3 med Smed
h 6 low 4 low O low
















































































Rank 1 matrix

Laplacian of UQv where u vER
x novly x uXYy
Laplacian of e u v

G V E w edge weights WERE Le can 2 EEEorveit
x Lex7 xu

xvPLEwceLeeEE Xv

x.lt EnceslxuxtexexiXueeEe
Eu

v3UVD

diag d w deRV degrees a 1 1

V 1 1
L D A
















































































w e 1 OF 0 4 E undirected

edgeweightsw IR
if vol s v01 5 sisi edgescute

rolls Esdeger

wÉ ÉÉÉ rsmini.it
ocs41670fis vY s

Laplacian of

define normalized Laplacian L Ercole
X.LA E ywle xu xM 1542215
D diagdegrees

Lemma LER symmetric

XER maximin XLX over11 11 1

for y D came for meta
Spectral theorem LER symmetr

L X v Vit 7nvnQVn
where I It Ethonormal basis
















































































Recall
Rank 1 matrix

Normalized random walk matrix uQv where u.veRn
x uov y7 4x uXV y

Q D RD D
2
A D

Lemma LER symmetric

XER maximizes XLX over1111 1
Lx Mx for M TXLx

Spectraltheorem LEIR symmetric
D diagd w d degrees A adjacency matrix x v vit Incun un

where
It PhonormalbasisR AD random walk matrix

Theorem G V E undirected w E Ryo
then Rhasstationarydistr seΔv w

Sv 19 deger Eagles w EeeQ is symmetric Lemma let A C BC
A and B havesame eigenvalues

Q has same eigenvalues as R Cmaps eigenvectors of A
toeigenvetorsof B

Q YOU M v20v2 m
Mn Vn Vn

w M 1212 Mn
alsoeigenvaluesof R
















































































Recall

Rank 1 matrix
UQV where u vERQ Malvar mtun pun x nov y x u V y

w M Mz Mn Lemma LER symmetric

XER maximizes XLX over1111 1
alsoeigenvalues of R Lx mx for m x Lx

Spectraltheorem LEIR symmetric

7 v Vit 7 Vn Vn
Theorem let 0 1 max Ma lunt where Ehonormalbasis

Theorem G V E undirected w E Ryo
then Rhasstationarydistr seΔv w

1115 11 1 8 VII Sv 19 deger EaglesWEEK

distal In Lemma let A C BC
A and B havesame eigenvalues
Cmapseigenvectors of A

toeigenvetorsof B
Normalized randomwalkmatrix
Q D RD D AD

D diagd w ddegrees A adjacencymatrix

iii tri
matrix

Q has same eigenvalues as R
















































































G V E undirected

normalized Laplacian M 15122151 2 edgeweightsw E R

S S edgescutbe

volls Esdeger
Normalized random walk matrix

NCS
min as

D RD D AD 4167 É v NCS
D diagd w d degrees A adjacency matrix Laplacian of

R AD random walk matrix w e Le
X.LT EywCe xu x

1 2
D diagdegrees

M 15 LD L D A
Lemma LER
ER maximinsx.IM iiiil sD D A D Lx Mx for M X Lx

Spectral theorem LEIR symmets

I Q 7,14 vit 7n vn vn
where

It Ethonormal basis

1 I R D is rolls volts

ask fit
















































































G V E undirected

normalized Laplacian M 15122151 2 edgeweightsw E R

S 5 edgescutbe

volls Esdeger

M I Q D I RID NCS min f ocs
Mx Xx I Q x Qx Xx 7 1

4161 07 Us

Theorem M has same eigenvalues Laplacian of

LEEDLEas I R A REI M ex.tn ycestxu x

It D diagdegrees
tfofrR ED A

eigenvalue eigenvalue Lemma LEIR symmetric

XER maximin XLX over11 11 1
Lx Mx for M X Lx

for R 1 A for M spectral theorem LER symmet

eigenvalue eigenvalue 7 vQuit 7nvn0Vn
where

It Ethonormal basis

e g smallest eigenvalue of
M is 0 is rolls voll5

ask i
















































































NCS miniffics
Cheeger's inequality

4167 7 1 NCS
let 72 2nd smallest eigenvalue of M Laplacian of

the
46

2 hEele72 x.lt E ylestxuxDdiagdegrees
L D A
normalized Laplacian
M 1542215

Normalizedrandomwalkmatr
Q D RD D AD

Connects combinatorial properties
D diaged w ddegrees A adjacence

R AD randomwalkmatrix
matrix

Theorem M has sam
of 6 w analytical properties eigenvalues as I R

e.ge
valueforM Filefor R

e.ge
aluesorR eigenvalueforM

V72 small set expansion hypothesis
















































































2
1

Theorem M has same

Theorem let 8 1 max uz lunt eigenvalues as I R

X for M X 1 for RIIR x SHE CI 8 VIII eigenvalue eigenvalue
as ÉEYn

X for R I X for M12Mz 2mn eigenvalues of R eigenvalue eigenvalue

3

Cheeger's inequality

IN G V27
72 2nd smallest eigenvalue of M
















































































Theorem let 8 1 max Melunt
let 4 4 G 1155 511 1 8 VII

1 nun eigenvaluesofRLemma if M lunl then
Theorem M has same
eigenvalues as I R1151 511 e 1F.tt e.ge
valueforM

e.geite for R
d IÉEñn eightal R elidefor M

proof 1 8 M2 1 72 Cheeger's inequality

YCG V27

I Rtx 511 1 JT For 72 2ndsmallesteigenvalue of M

1 725V5

e thin
1442

Ine
















































































Theorem let 8 1 max Melunt
let 4 4 G 1113 x 511 1 8 VETI

a infin

emma if My Mpl then 12122 2mn eigenvaluesofR

Theorem M has same
eigenvalues as I R

11Rtx 11 e 217k e.ge
valueforM

e.geite for R
ds EYE

e.ge
vaiuesorR elide for M

Cheeger's inequalityQ what if M lunt
NCG V27

72 2ndsmallesteigenvalue of M

Or how to force Mn away from 1
















































































Lazy random walk

stay at same vertex

w prob
take random step

et SE 0,1 be lazy random walk matrix

S I R

note S has same stationary distribution as R
















































































Theorem let 8 1 max Me unl
let Y N G

1115 511 1 8VE
1 nun eigenvaluesof RTheorem
Theorem M has same

115 511 e
474

eigenvalues as I R

astsiterin
e.ge
vaiueforM

EniteforReigetvaiuesorR

fi eforM
sroof 1 1 max

11
e Cheeger's inequality

max Me A YCG V2x ̅
72 2ndsmallesteigenvalue of M

max me why s LR
min 1 Mar

2min 12

µ

115 511 setts

2min 412,13 14
















































































NCS min'Ef ocsCheeger's inequality
4167 É v NCS

let 72 2nd smallest eigenvalue of M Laplacian of

then L Ercole
x LX ge x x

nexercisen D diagdegrees
L D A
normalized Laplacian

VE 2
M D LD

algorithmic rest of class

connects combinatorial properties
of 6 w algebraic properties
















































































Y G V27

high level ideas

M X 0 v 0v 7 v20v2 Inn Vn

Y Vn orthonormal 7 0 7 EX

V eigenvector for eigenvalue 1 of Q Theorem M has same
eigenvalues as I R

eigenvalueforM
e
for R

Vd 41 d ask.FR ElaineforM

X v2 Mvs min sit Sy ids 0

min 51b sit ix d o
















































































M X 0 you t Xaver t t Antunaun

6 I X2 V eigenvector for eigenvalue 1 of R greenMetsiiiVIKI d

high level ideas

Az Lv Mv min M sit Sy VI 7 0

min Y
sit ix d o

goal convert Tt SEV sit

Yesss YEE Vas
how
















































































Recall

let y E R o be a minimum embed vertices on IR based on

2 2 2 fractional
distance from s w r t lengths y

g
I

I 3 1.1 4 cut
i

2
0.1 2 64 all s t pathshave length 21 bc of LP

pick E 0,1 uniformly at random

output the cut at

t.IE

irETio0 1.2.3.4
















































































M X 0 v0v 7 v20v2 Inn Vn
Y Vnorthonormal 7 0 7

Y G 272 v eigenvector for eigenvalues or
ii.EEIEEiiiVIKI d

high level ideas

7 v2 Mrs min 51,5 sit so d o

claim if x d 0 line embedding of induces

cut ss.t.US 2EE

f
m.EE
















































































et V deger total volume Yes min.EE

vocsvolv Xv70 4161 1is vUs
Lemma letXEIRYos.t.vol support x

X min
µthen x Lx
2

x Dx7 sit ex d o
















































































et deger total volume test minifffics
4167 61s v Us

Lemma let XEIRY os.t.ro support x
X min

then x Lx x Dx7 sit ex d 0

Proof let S support x v Vic Xlv x v2 x v

Si v m v for each i

Y x Dx7

Y x vi deglv use
01 11111
u V V V1o

Y x v volls rolls s

rolls x v x vi interchanging
2
















































































É w 2 5 x ̅ v x vi Xuks.cl lnsi minifvocs4167
EEEvY s

Eagle Xlvi x viti telescoping x min

sit x d 0

w e x ̅ u x v11 2xx Xa tx
e u.BE x ujtxcv llx u txcv l

VEXED Excuses
xp axtuxvtx

Tax axit2x

VK.LT 12570T

tax Dx xx Dx 112
















































































We want y D x

Ext EE amia b

We have
Lemma let XEIRY os.t.ro support x

then Sx Lx ax Dx7

Claims

EII.IEIeEt Her

positive negative

x Lx x 1 7 51,1 7 X X x

x Dx x Dx Sx_ Dx
w

x x 20
















































































EII.IE eEtE Her

positive negative

x Lx x 1 7 57,1 7 X X x

x Dx x DX x_ Dx
w

x x 20

1 let attain It 72

amenities
3 mine n.EE 3eEisti s
















































































1 let attain aif.EE 2

2 x 21 w vol v X α vol v x 423

3 mine E.tt 3eEisti

Lemma let XEIREos.t.ro support x

4 Lemma then Sx Lx ax Dx

E mine E.tt 3
72
















































































KCS min isLemma let x d 0 then y x 21
4167 of v45

x.mn 5
s.T.Lx d7 0

total volume

Lemma let ER
sit Volsupport x V12
then sx Lx Sx Dx
















































































NCS
min ocsLemma let x d 0 then

4167 T.is vY s

ibi iine a mins
sit x d 0

Σ xu xDTroof total volume

5 21 1 21 x Lx why
Lemma let xeR
sit vol support x V12
then sx.hn 1 x Dx

4 21 D 1 2117
x x 5 9,17 why

x D17 xid7 0
















































































Lemma let X X w X X ERIO Yes min É is

then 4167 05,415

4,1 7 5 4 7 5 4 7 a min 5
sit x d 0

x DX x Dx SX_ DX 7
total volume

Lemma let ER
sit vol support x V12
then sx.hn IsxDxLemmaletsx d7

then y 21












































Lemma let x X x w Xt X_ERI test min.EE voics

then 4167 05 vY s

4 25 4 4 7 timin
sit x d 0

total volume
x Lx 5 47 57,1 7

Lemma let XERIO
sit vol support x V12

2 Xt LX then sx.hn cx Dx

4 4 7 X_ Lx 7 Lemma letsx.dz
then y 21

x LX 7 aelx.lu xtwx ca x.ws syf.EE

claim a b at_G 5 5 0 a at a

at a 20
WLOG 9 6



Lemma let x x x w X X_ERI test min.EE voics

then 4167 05 v Us

Tx Dx x Dx SX_ DX 7 X min

sit x d 0

total volume

Lemma let XERIO
sit vol support x V12
then sx.hn 1 x

DxLemmaletsx d7
thenty x 21



1 let attain aif.EE 2

2 x 21 w vol v X α vol v x 423

3 mine E.tt 3eEisti

Lemma let XEIREos.t.ro support x

4 Lemma then Sx Lx ax Dx

E mine E.tt 3
72



NCS minIESvoks
Cheeger's inequality

4167 645 Ms

let 72 2nd smallest eigenvalue of M Laplacian of

then Egewcelle
X Lx IEWCe Xu x
D diagdegrees
L D A

ÉÉ

6 EVER
m p'd

normalized Laplacian

Tgorithmicrestof class

connects combinatorial properties
of 6 w algebraic properties


