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Chapter 11

Tree Metrics

11.1 Introduction

Many flow and cut problems are ultimately about paths, whether packing paths in
flow, cutting paths in cuts, evaluating shortest paths in fractional cuts, etc. Obviously
there are many paths between any two points in a graph and this makes all these
problems nontrivial. An extremely simple setting, then, would be a graph where
there is a unique path between any two vertices: by definition, a tree. Many graphs
problems become trivial in a tree. Here we will study a bold approach to graph
algorithms based on this idea: process the input graph G to produce a tree T that
preserves its salient properties, solve the problem on T , and lift the solution back
to G. Of course a tree T cannot preserve all of G, so we will only preserve specific
properties and only approximately at that, in such a way that is appropriate to the
problem at hand.

In this discussion, we will focus on preserving the shortest path metric of a graph.
Let G be an undirected graph, and let dG denote the shortest path metric in G. Let T
be a spanning tree of T (with the same edge weights), and let dT denote the shortest
path metric in T . (Of course, the shortest path in T is also the only path.) Ideally,
we want dT (u, v) to resemble dG(u, v) as much as possible for each edge e = {u, v}.
In general, we have

dG(u, v) Æ dT (u, v) for all u, v œ V

simply because T is a subgraph of G. For an edge e = {u, v}, we say that the stretch
of e is defined as the ratio

(stretch e) def= dT (u, v)
dG(u, v) .

We say that dT has uniform stretch (at most) –, for – Ø 1, if every edge has stretch
at most –.
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A natural goal is to obtain a spanning tree with small uniform stretch. However
the n-vertex cycle Cn presents a lower bound of n ≠ 1. Indeed, any spanning tree T
of Cn is obtained by dropping one edge e; this edge e is stretched around the cycle, so
to speak, and has stretch n ≠ 1.

The n-vertex cycle Cn indicates that we cannot, in the worst-case, find spanning
trees with uniform stretch better than n ≠ 1. (We leave it as exercise 11.1 to obtain a
matching upper bound.) The rest of this chapter discusses two di�erent approaches
that obtain better bounds for relaxations of this problem. (In the lecture, we only
discuss the second, randomized one in detail.)
Low-stretch spanning trees. Alon, Karp, Peleg, and West [AKPW95] showed
how to compute a spanning tree T where the average stretch among all edges is no(1),
in the sense that

1
|E|

ÿ

eœE

(stretch e) Æ no(1)

Dominating tree metrics. Bartal [Bar96; Bar98] ignored the requirement that T
is a spanning tree of G; more generally he sought auxiliary trees T where the vertex
of G correspond to the leaves of G, while retaining the property T that dT Ø dG. He
produced randomized trees where for each edge the average stretch was polylog(n):

E
T

[(stretch e)] Æ O(polylog(n)) for all e œ E.

Note that this a di�erent sense of “average stretch” then above. We will present
an algorithm of [FRT04] building on [Bar98] to obtain (per-edge) average stretch of
O(log n).

11.2 Low-Stretch Spanning Trees

We first present the low-stretch spanning trees of [AKPW95]. Here we recall that we
want to compute a spanning tree with low stretch on average over all the edges.

Suppose our goal was to obtain average stretch (roughly) D for a parameter D > 0.
Let us partition the graph in vertex-disjoint subgraphs each with radius at most D/2
from some center vertex, and compute a shortest path tree from each center. Then
every edge within a neighborhood has stretch at most D; it remains to address the
edges that are cut by the partition. We can try to address these edges recursively
by contracting every subgraph/subtree into a single vertex, leaving a multigraph GÕ

consisting of the cut edges, and recursing on this graph. This produces a tree T Õ on
the contracted multigraph GÕ; expanding out the vertices of T Õ by the underlying
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[AKPW95] algorithm for mo(1)
-average stretch spanning trees:

1. Compute a low diameter decomposition: repeatedly, until no vertices remain:
A. Select a remaining vertex v and compute a shortest path tree of v in the

remaining graph.
B. Remove the set Cv all vertices (remaining) in V within some distance

R
Õ
Æ R such that

|”(Cv)| Æ O(log(m))(1 + |E[Cv]|)

where E[Cv] denotes the set of all (remaining) edges incident to some
vertex in v.

2. Recurse: Let G
Õ be the multi-graph obtained from the input graph by

contracting each Cv to a single vertex. Recurse on G
Õ to obtain a spanning

tree T
Õ, and return the tree T obtained by replacing each Cv with the

corresponding shortest path tree.

shortest path trees gives a spanning tree T . Recursively, we might expect that every
edge cut edge e has stretch O(R) in T Õ, but this expands out to stretch O(R2) with
respect to T because passing through a vertex in T Õ actually corresponds to traversing
a path of length O(R) in the underlying tree.

So we have a problem where each step of the recursion induces an additional factor
of R. Now, recall that we want to preserve average stretch. Let f(m) be the stretch
obtained by the recursive approach. We have

f(m) Æ D(# internal edges) + (D + 1)f(# external edges).

Studying this recursion, we can see that if the number of external edges was extremely
small, then we might hope that it can o�set the extra factor of D. How can we
minimize the number of exteneral, or cut, edges? Region growing! Low diameter
decompositions!

If we partition the graph by region growing techniques, we can ensure that

(# external edges) Æ
O(log m)

R
m.

This revises the recursive bound as

f(m) Æ Dm + (D + 1)f(c log(m)m/D)
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for a constant c > 0. For D = e
Ô

log(m)/ log log m the recursion is bounded by f(m) =

e
O

1Ô
log m log log m

2

. (The calculations are given below.)

Theorem 11.1. The AKPW algorithm returns a spanning tree with average stretch

e
O

1Ô
log m log log m

2

.

Solving the recurrence. We have

f(m) Æ Dm + (D + 1)f(c0 log(m)m/D)

where ‘ = c0 log(m)/D for a constant c0. The height of the recursion is

h = O
1
logD/c0 log(m)

m
2

= O(log(m)/ log(D/c0 log(m))) = O

A
log(m)
log(D)

B

assuming D = �(log m). Unrolling the recursion gives

f(m) Æ O(Dm)
hÿ

i=0

((1 + 1/D)c0 log(m))i
Æ DmeO(h log log m).

To minimize the RHS, we can instead minimize the logarithm of the RHS, log(m) +
log(D) + O(h log log m). Choosing D to make the last two terms (roughly) equal, we
have

log(D) = log(m) log log(m)
log(D) ,

hence

log(D) =
Ò

log(m) log log(m).

Then D = e
Ô

log(m) log log(m) gives

f(m) Æ me
O

1Ô
log(m) log log(m)

2

,

as desired.
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11.3 Hierarchical Tree Metrics

The [AKPW95] algorithm was able to obtain low stretch in total. This means that a
few unlucky edges might have extremely high stretch. In this section we want every
edge to have low stretch, in some sense. Unfortunately we already know that it is
impossible to guarantee o(n) stretch for every edge simultaneously. But a di�erent
possibility open up when we allow for randomization. Perhaps we can output a
randomized tree T , such that for each edge e, the expected stretch of e is o(n). Such
a claim does not contradict the lower bound for the n-vertex cycle; in fact, one can
get constant expected stretch for the cycle which we leave as exercise 11.2.

To build some intuition, let us start from the [AKPW95] algorithm for inspiration
(even though ultimately we will not produce a spanning tree). A high level goal is to
inject randomization so that every edge has a decent chance at having low stretch.
To this end there are at least two natural ways to introduce randomization into
[AKPW95].

1. We can make the radii of the clusters randomized, instead of a deterministic
function of the total number of edges cut.

2. Second, the order of vertices that center the clusters can be randomized, which
would seem most equitable.

Both of these ideas will be reflected at a high level in the following algorithm which
we now present.

The algorithm we present will produced a randomized hierarchical tree metric over
V . This means that the tree T will be rooted, with V at the leaves, and the edges
between height i and height i≠1 have length –i for a fixed constant –. Here we choose
– = 4 to simplify calculations, though we note that – = 2 is more common, and the
analysis can be adjusted to accommodate any fixed constant. The convenience of
a hierarchical tree T is that the tree distance dT (u, v) is entirely determined by the
height of their least common ancestor, and within a constant factor of the biggest
edges at the top of the corresponding subtree. This additional structure turns out to
be useful for several other problems.

We now present [FRT04]’s randomized algorithm. We assume the input is an
edge-weighted graph where the minimum edge length is normalized to 1. We let
D = maxu,v d(u, v) denote the diameter of the graph. Below we describe the algorithm
in detail and first we give a high level description. For every radius of the form –4i,
we are randomly scooping out balls of size –4i, where – œ [1, 2] is drawn uniformly
at random, and the vertices at the center of the balls are in random order. A key
and subtle point is that we use the same (random) – and ordering for every i. the

186



11. Tree Metrics
11.3. Hierarchical Tree Metrics

Kent Quanrud
Fall 2022

intersections of these balls (across i’s) induce a laminar family of sets over V which
are arranged as a tree.

[FRT04]’s algorithm producing a randomized hierarchical tree
metric.

1. Let v1, . . . , vn be a uniformly random ordering of V . Let L = Álog
4

DË.
Let – œ [1, 2] be drawn uniformly at random.

2. For i from L down to 0,
(a) For each vertex vj in order,

i. Let Ci,j be the set of vertices at distance at most –4i≠1 from
vj, excluding any vertex already included by the cluster of a
previous Ci,j.

3. We use the Ci,j’s to arrange the vertices as leaves in a tree T hier-
archically as follows. For each intermediate node x at height i, the
leaves in the subtree rooted at x corresponds to a set of vertices with
diameter at most 4i. The root at height L + 1 corresponds to V .
The nodes at height L correspond to the clusters CL,j. In general,
for a node x at height i corresponding to a set S ™ V , its children
correspond to the (nonempty) intersections of S with clusters C¸,j.
(Here a cluster center vj may not be in S.) Observe the leaves (at
height 0) each correspond to a single vertex V because C0,j = {vj}

for all j. Each edge descending from height i is given weight 4i.

So much for the algorithm. Here, then, is the key claim.

Theorem 11.2. [FRT04]’s algorithm produces a randomized hierarchical tree T such
that for each edge e, E[(stretch e)] Æ O(log n).

To prove the theorem, fix an edge e = {u, v}. Recall that d(u, v) is decided,
up to a constant factor, by the height k where u and v are first separated. (Then
d(u, v) = O

1
4k

2
.) When this occurs, u and v are separated in particular by a cluster

of radius –4k centered at some vertex w; in this event, we say that w “contributes”
4k to d(u, v) (which upper bounds the diameter of the remaining vertices). By this
terminology, we have

dT (u, v) Æ
ÿ

w

O(1)(contrib. of w to dT (u, v)). (11.1)
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Now, fix a vertex w. Suppose that w was the ¸th closest vertex to u or v (i.e., with
respect to min{d(w, u), d(w, v)}). The key lemma, which we analyze below, is that

E[contrib. from w to dT (u, v)] Æ O(1/¸)d(u, v).

Taking expectations of eq. (11.1) and applying the bound above to each w gives
O(log n) stretch, as desired.

It remains to prove the key lemma, as follows.

Lemma 11.3. Let w be the ¸th closest vertex to u or v. Then

E[contrib. from w to dT (u, v)] Æ 4d(u, v)/¸.

Proof. We first observe that w contibutes to dT (u, v) only if the following two events
both occur.

E1. d(w, u) Æ –4k
Æ d(w, v) for some k.

E2. w is ordered before any of the ¸ ≠ 1 vertices that are closer to u or v.

Indeed, the necessity of the first condition is clear. The second is necessary because if
any closer vertex would otherwise cluster either u or v (or both) before w.

We also observe that the above conditions are independent, since the first event
depends (only) on – and the second event depends on the random ordering, which
are independent. It is also clear that the second event E2 occurs with probability 1/¸.
It remains to analyze E1. We have two cases.
Case 1: d(u, v) Ø 4d(w, u). Then for any k satisfying the inequality in E1, this
inequality and the triangle inequality imply that

4k+1
Æ 2d(w, v) Æ 2(d(w, u) + d(u, v)) Æ (5/2)d(u, v).

Thus the contribution from w is at most O(d(u, v)). It follows that

E[contrib. from w to dT (u, v)] Æ 2.5d(u, v) P[E2] = 2.5d(u, v)/¸,

as desired.
Case 2: d(u, v) Æ d(w, u). We first note that there may not be any k in item E1

satisfying inequality E1; if not, then the claim is immediate. Henceforth we assume
such a k exists. We claim that the choice of k is unique. Indeed, suppose there exists
some choice of k and – œ [1, 2] such that the inequality in E1 holds. We have

d(w, u)
(a)
Ø d(w, v) ≠ d(u, v)

(b)
> 4k

≠ 4k/2 > 2 · 4k≠1
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which rules out smaller values of k. Here (a) is by the the triangle inequality and (b)
is by assumption on –. To rule out larger values of k, we have

d(w, v) Æ d(w, u) + d(u, v) < 4k+1

by similar reasoning.
Thus the choice of k in E1 is unique; fix k as such. Now we have

P[E1] Æ
|[d(w, u), d(w, v)]|

|[4k, 2 · 4k]|
(c)
Æ

d(u, v)
4k

by (c) the triangle inequality. Thus

E[contrib. from w ...] Æ 4k+1 P[E1] P[E2] Æ 4d(u, v)/¸,

as desired.

11.4 Exercises

Exercise 11.1. Design and analyze an algorithm that computes a spanning tree with
uniform stretch n ≠ 1 (matching the lower bound induced by the cycle).

Exercise 11.2. For the n-vertex cycle Cn, describe a randomized tree metric where
each edge has expected stretch O(1).

Exercise 11.3. Recall that the low-stretch spanning tree of [AKPW95] obtained
average stretch no(1). We consider extensions to the weighted average. Let w(e) œ R>0

be a positive weight for every edge, and let W = q
eœE w(e) be the total weight. We

assume for simplicity that the weights are between 1 and poly(n). We still treat the
edges as unit length edges. Design and analyze and algorithm to compute a spanning
tree T such that

1
W

ÿ

eœE

w(e)(stretch e) Æ no(1).

Exercise 11.4. Show how to use the randomized tree metric to randomly round the
sparsest cut LP and obtain O(log n)-approximation for sparsest cut.

Exercise 11.5. Prove that the O(log n) bound is tight for tree metrics (up to
constants).
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