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Probability Algorithms

Gaussian
Dimensionality

random variables
reduction

Gaussian randomvariables

X NCM62
Bagofwords

meant Iariance literally any sentence is fine

Def thenicest mostpleasant convenient itjfIffffhIa k
random variable ever

ETHAXI ECAN 111112

Fact let x NM67 LER Dimensionality Reduction highlevel ETCEA.jp 111112
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2x N 2M226 where n points

ÉAijXj N0,11112Factlet X Mm XMM62
then X2 N µ tµz 6,762 Ipvery

large
pollogn Ax Nk0,1117

Fact let X N 0,1 One can map n pointsinto Rollognle prTIIAxllzzkllxIP.CH

then E etÑ whilepreservingall distances upto IIE APX
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Probability Algorithms

Locality sensitive Approximate

hashing nearest neighbors

Randomlineembedding Buckets

h x Legx td w gun
LE0,1 unitrand Nearest neighbor search Types of distancesFig ifeng.gg

et

Input n points PCRd

11 211 qq.ee

6 delarenopepw46,97 0 PTsigncg.nlsignkg.ysJ I Euclidean distance

define h d 1,23by
hilx signg x wgird I

1 Angle 2

I tie i
10

expect to collide w at mostonepoint EP
w 4 xy 20 Query given ger find closestpointinP to q
















































































Probability andtechniques Algorithms

4 metric embeddings Sparsest Cut

LP duality
















































































Euclidean embedding
Dimensionality Reduction high level

log n dimensions suffice

where n points

Euclidean L2metric Euclidean L2metric

very large
IR 1K040gr

One can map n points into Rollognle
while preserving all distances up to IIE APX
















































































L metric

11 4111 x y.lt xz yaltmt1xn ynl

natural for discrete combinatorial settings e.g sparsestcut

unit circle in La unit circle in La unit circle in Los
11 112 xittxT 11 112 1 17 that Hxllo max 1 1 lxnl
















































































L metric

11 4111 Ix y.lt xz yzltmtlxn ynl unit circle inL2

natural for discrete combinatorial settings e.g sparsestcut

Theorem given any metric d VxV R o

rand embedding f 1201105
in v1

d e d

for all u v w high probability
















































































Sparsest cut

Input undirected graph G V E

edge capacities e 0 for eeE

demands 6 u v 0 for u VEV symmetric

Goal compute SCV minimizing

sparsity
cut few edges

split up many pairs
uesives

151151
SCS edges cut by S
















































































Special case uniform sparsest cut

w uniform demands blu v 1 u v

edges cut

sparsity 958 min SCS

t.irvent sit 151 151 12

1

useful primitive for graph partitioning divide conquer
















































































Limetric embeddings Sparsest Cut

Input undirectedgraph G V E
i metric

edge capacities e 0 for EEE

x yl 1 y t 1 2 yalt thanyal demands 6 u v70 for u vEV commetric

natural for discrete combinatorial settings Goal compute SCV minimizing

sparsity 98
cut few edges

a
Uv splitupmanypair

SCS edgescutbys

unit circleinL2
Special case uniform sparsest cut

w uniform demands blu v 1 u v
Theorem given any metric d Vxv IR o

rand embedding 1801108 naive sparsity

t.EE i ee

or all u v w high probability

usefulprimitive forgraphpartitioning divide conquer
















































































Warmup

Max flow Min cut
















































































Measuring connectivity

a
source 4 sink

7 7

I
S in

v

s A
1 K T L

K r 3

how well connected are s and t

































Physical infrastructure

from Jeff's notes
















CPU's
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Measuring connectivity

a
source 4 sink

7

1 St
s one 3 v

a
4 TL

a

Is there an s t path
















































































Measuring connectivity

a
source 4 sink

7

1 St
s one 3 v

a
K
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L
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How many distinct s t paths
















































































Measuring connectivity

a
source 4 sink

7

1 St
s one 3 v

a 1
1 74 TL

a

how many k edge s walks

k fixed
















































































Measuring connectivity

a
source 4 sink

7

1 St
s one 3 v

a 1
1 74 TL

a

length of shortest set path
















































































Measuring connectivity

a
source 4 sink

7

1 St
s one 3 v

a 1
1 74 TL

a

how many shortest s t paths
















































































Measuring connectivity

a
source sink

1 v
s one

a 1
1 74 FL

K
t

In a random walk starting from s what is the

expected of steps until we reach
















































































Measuring connectivity

a
source 4 sink

7

1 St
s one 3 v
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max of edge disjoint sit paths
















































































Measuring connectivity

a
source 4 sink

7

1 St
s one 3 v

a 1
1 74 TL

a

min of edge deletions to disconnect s t
i
















































































a

n

ource 4 1 sink Is there an s t path

s one
s

How many distinct s t paths
4

is a
how many k edge s walks

kfixed

length of shortest set path
so

how many shortest s t paths

In a random walk starting from s

what is the expected of steps
until we reach

max of edge disjoint sit paths

s I min of edgedeletions to

disconnect s t
















































































max of edge disjoint s t paths

start
path packing collection of edge disjoint paths

packing paths into edges

Question max cardinality path packing

example of packing problem

path p packs into each edge eep
















































































min edge deletions to disconnect s t

s t

s cut

set of edges whose removal disconnects from s

Question min s t cut

example of covering problem

edge e covers path p containing e

goal min edge set covering all sit paths
















































































Duality
packs into

path p edge eep
covers
















































































packs into
stiff pathp edge eep

covers

Lemma

fifths
min edges
in anysat cut

example of

packing covering
















































































min edges
disjoint1 LK

inanys stcut

Proof let

P collection of edge disjoint paths
E start s ff

Eeqt

each path contains 1 edge from C

for each path choose 2 edge in path and C

choices are distinct

PIE pact in Yep PAC IC
















































































s
paths

min edges
in any cut

Proof let

P collection of edge disjoint paths
CE start

sffffert

each path
overlaps c

IPI Σ pact Yep pnc Ict
PEP

paths are

edge disjoint
















































































Dualitys t packsinto
path P covers edge eep

Lemma

min edges
disjoint1 pins inanys cut

are they equal
















































































Notation

x y fxiYi xyer

At transpose of A AERT

def.by Cy Ax LAY x XER YERM

X y means X y for all i yER
















































































LP Duality
Theorem

Packing LP Covering LP

maximize 46,77 minimize c y
equal

over XERI over YERE
sit Ax c sit Ay 6

AEIRMN.GERTCEIRM
Ellipsoid

violating constraint ax.gs t mean

At transposeofA AERY

def.by yAx LAYx XERTY

X y means x y foralli x.tt
















































































Max Flow

Path Packing LP Path Covering LP

on

É

totalcapacityof fractionalcut

maximize Xp minimize Ceye

over y E R o

all s paths

II see Ce Eagle EE E Ye I
CAFFEY

continuousanalogof s tcut
















































































goal
Max min
flow

discrete

cut
Tameasmaxfactional

pathpacking

minimizeIII
naan

maximize XP
over y E R oover B
e.IE EEgede

minMax
LP duality fractionalflow

cut
i.e the pathcoveringLP

minbecause the min
fractional eLP is a relaxation
cut

need to show
















































































PathfoveringLP

minimize

over y E R

III Ye E
continuousanalogofs tcut

let y E R o be a minimum

fractional cut2 2
2

0

I
I 3 1.1 04

5
5 I 3

2 0 2 6T1 1

how to round y into sT cut
















































































let y E R o be a minimum

2 j
2 fractional

1
4 cut

s
2 0 3 6ᵗ

embed vertices on IR based on

distance from s w r t lengths y
EF

t.fi

0 1.2.3.4

all set paths have length 21 b c of LP
















































































let y E R o be a minimum embed vertices on IR based on

distance from s w r t lengths y2 2 fractional2

g

10.3.1.1 4 cut
i is

2.0 3.6ᵗ all set pathshave length 21 b c of LP

pick ETO I uniformly at random

s
ÉÉ.at

T 91.0
















































































let y E R o be a minimum embed vertices on IR based on

distance from s w r t lengths y2 2 fractional2

g

1 1.1 4 cut
s

2
0.1 2.6 all s t pathshave length 21 b c of LP

pick E 0,1 uniformly at random

output the cut at

t.IE

irETio0 1.2.3.4
















































































let y E R o be a minimum embed vertices on IR based on pick ETO I uniformly atrandom
distance from s w r t lengths y output the cut at2 fractional2

s
1

cut s

e.FI a
alls stpathshavelengthsa.su

t.ttgThttemngti.o

minimum capacity
of any fractional cutE capacity of cut

1

ΣcePrTe cut Σ Ceyetp tiff EEE EEE

S

m

e

a 6 at ye b c shortest

paths
















































































Probabilistic Method Paul Erdos
LP value

shared minimum
capacity
of anyof P dm
fractionalcut
cut

gifthenthereexistacatulcapacity

more precisely

random cut is good
with probability 70
















































































to find this lucky cut

EE.FI

I
sweep through all from 0 to 1
















































































Overall argument
probabilistic LP

minimum cut

minimum max
along line fractional

flowembedding

we already knew that few E die

thus max

flow EEE
















































































Limetric embeddings Sparsest Cut

Input undirectedgraph G V E
i metric

edge capacities e 0 for EEE

x yl 1 y 1 2 yalt thanyal demands 6 u v70 for u vEV commetric

natural for discrete combinatorial settings Goal compute SCV minimizing

sparsity 98
cut few edges

a
Uv splitupmanypair

SCS edgescutbys

unit circleinL2
Special case uniform sparsest cut

w uniform demands blu v 1 u v
Theorem given any metric d Vxv IR o

rand embedding 1801108 naive sparsity Y
t.EE i ee

or all u v w high probability

usefulprimitive forgraphpartitioning divide conquer
















































































Sparsest cut

Input undirected graph G V E

edge capacities e 70 for EEE

demands 64,070 for u VEV symmetric

Goal compute SCV minimizing

sparsity
cut few edges

Σ Glu V split up many pairs
UES VES

SCS edges cut by S
















































































Special case uniform sparsest cut

w uniform demands blu v 1 u v

sparsity Y

useful primitive for graph partitioning divide conquer
















































































Sparsest cut

Designing an LP for sparsest cut Input undirectedgraphG v F
edgecapacities e 0 for e
demands64,070 for uVEV

Q what would be a linear relaxation for cats Goal comp so minimizin

sparsity

uesres
















































































Sparsest cut

Designing an LP for sparsest cut Input undirectedgraphG CU.F
edgecapacities e 0 for e
demandsGuy O for uVEV

Q what would be a linear relaxation for cats Goal compute SCV minimizin

sparsity.EE E
Idea 1 sparsest metric

res

dlume
min h over metric d.vn

Eran

l ii Fa.ei

givenSYdes as diff
o

dg air Gif
air on skid
other
same sides
















































































Sparsest cut

Designing an LP for sparsest cut Input undirectedgraphG v F
edgecapacities e 0 for e
demands64,070 for uVEV

Q what would be a linear relaxation for cats Goal comp so minimizin

sparsity

Idea 1 sparsest metric
es

min over metric a.VN o
Linearconstraints

I isai.ut
d xy sd x z tdCzyVxy z

Q how to make objective linear
















































































Sparsest cut

Designing an LP for sparsest cut Input undirectedgraphG v F
edgecapacities e 0 for e
demands64,070 for uVEV

Q what would be a linear relaxation for cats Goal comp so minimizin

sparsity.IE t E i
Idea 1 sparsest metric

min É over metric d.VN o
Linearconstraints
d uv 0 u v

www.z

Q how to make objective linear

Idea 2 min cost metric

min
e
affecce d u v over all metrics d VxV Rzo

sit 6Gt d s t
















































































Sparsest cut
InputundirectedgraphG V FLP for sparsest cut edgecapacities e 0 for e
demands64,070 for uVEV
Goal comp SCV minimizin

min Ecce d u v over metrics d V V R
sparsity.EE E i

uesres

sit Σ 61st d s t d xy d x 2 td zy xy z5,7

Q how to round metric to sparse cut
















































































Sparsest cut

Q how to round LP to sparse cut
InputundirectedgraphG W.F
edgecapacities e 70 for e
demands64,070 for uVEV
Goal comp SCV minimizin

min Ecce d u v over metrics d V V R 0
sparsity Is

eairsee

it esdu v 0 u v

sit Σ 61st des t
5,4

d x y d x 2 td zy xy z

Suppose d u v was on a line

d un flu 5671 for f 0,1
assume main flu 1 muaxf a
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Sparsest cut
InputundirectedgraphG V Fmin

eEicle du V over metrics d

demandsgyppo for u veV
Linear constraints edgecapacities Cle o for e
dluv 20 fun

s.t.gg66 t d sit I ddyyjdg.dz dgyvx.y.z Goal compute so minimizin

sparsity.EEFI a

Suppose dla v was of the form

d up flu fall for V To 1
assume main flu l Max flak

pick Otto I uniformly at random

ÉÉÉo
















































































Sparsest cut
min

eEycle
d u v over metrics d V V 20 InputundirectedgraphG CVF

edgecapacities e 0 for e
dluv 0 u v demands6 u v70 for uVEV

sit besides.tl l iiiiiiiiimeooal compii scv minimizin
sparsity.EE E

Suppose d u v was of the form

d u v flu flu for 0,1

pick QEto 13uniformlyatrandom.OFTF otai.o
To

E c S So e PrTeeso Σ clu v d u r

ez u v

E Σb s.tl
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d s t b s t

SESq
ctese

OPT E sparsity

SESO tE5
















































































Sparsest cut
E c S So clu v d u v E Esf sit d sit b sit InputundirectedgraphG LVFez u v

edgecapacities e 0 for e
te5 demands u 0 for uVEV

Goal compute SCV minimizin
But E sparsity EIE.EEFf oPt

I sparsity Iii
4 I ir eiiEiiiii

ETC S Sql F Σ GCST 0 suppose dad was of the form

sesates ÉÉÉÉ.IEmii.iii
oEE TT
To70 sit cCS So XEGCs.tl

CISE ex
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Sparsest cut
c S So Englanduser E Esf sit Edsit b Sit InputundirectedgraphG CVF

edgecapacities e 0 for e
te5 demands6,11.0 for uVEV

Goal compute SCV minimizin
But E sparsity EI.si ff OPT LPod

sparsity.EEaEi
ues

ve5mineCCedluv overmetrics dVxv IR

let EPTsparsity eisemann t.it iiii
Suppose d u v was of the form

oiiii.itmiiaiii
ETC S S0 XE Σb s.tl

seso tesy To

E 0,1 sit

C S 50 X Σ6
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Sparsest cut

Q how to round LP to sparse cut
InputundirectedgraphG cue
edgecapacities Cle o for e
demandsGG 0 for u veV
Goal compute SCV minimizin

mine.EE Ce dlu v over metrics d Viv A o
sparsity.gg

ecntsewedg

Linearconstraints Gluv splitupmanyp

dear 20 fun
sit I 66,4 des t 21 danderas far

d x y sd x z tdCzyYay2s t

Suppose dla v was of the form

d un 1Stu full for F V 10,1i I
assume main flu l Maxflu l
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L metric
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Sparsest cut

min
e

e d u v over metrics d V V 1820 InputundirectedgraphG CUF

d u v 0 u v demands u O for uVEV
Goal compute SCV minimizinseaman tiiii.it iiiiiiiiii iii

Suppose d u v was of the form ues.es

d u v flu f.lv for 0,1

then du p
ccestff.cn sX E6 s t 1f ufcu1i5,1i l e uSEE

for some i

Σ Cce flu f.cn EX gb s t 1f u f.lv1eEuv3EE

which can be rounded as before
















































































Sparsestcut
min e.EE e d u v over metrics d V V IR 0 InputundirectedgraphG VE

demands64,070 for uVEV

sit 366t dCst
sparsity É ISuppose d u v was of the form

d up 154 f 1 for f 0,1

then

e 1544 F I 366,715,4 f I

for some i

e a e

e fu f I 566,7 flu f 1

which can be rounded as before

morale

4 metrics can be rounded w out loss
















































































Sparsest cut
InputundirectedgraphG V FLP for sparsest cut edgecapacities e 0 for e
demands64,070 for uVEV
Goal comp SCV minimizin

min Ecce dcu v over metrics d V V R
sparsity fi Ee Euv3EE Linear constraints

d yr 20 u v

sit Σ 61st d s t alipay.ae
5,7

Q how to round general metric d u v

to a sparse cut
















































































Sparsest cut
InputundirectedgraphG V FLP for sparsest cut edgecapacities e 0 for e
demands64,070 for uVEV
Goal comp SCV minimizin

min.EE e dcu v over metrics d V V 1 0
sparsity

d u v 20 u uesres

iiiiiiiiSit 6Gt d s t

Q how to round general metric d u v

to a sparse cut

embed d u v in L
















































































L metric

11 4111 Ix y.lt xz yzltmtlxn ynl unit circle inL2

natural for discrete combinatorial settings e.g sparsestcut

Theorem given any metric d VxV R o

rand embedding f 1201105
in v1

EE Ef.IE wi

for all u v w high probability














































































Sparsest cut
InputundirectedgraphG LVFLP for sparsest cut edgecapacities e 0 for e
demands6 u v70 for uVEV
Goal compuié SCV minimizin

min Σ e d u v over metrics d V V IR O

e use sparsity

d u v 20 u v

s.t.Ebcsinaes.nl iiiii ii5,1

Q how to round general metric d u v

to a sparse cut
Li metric

1 x yl 1 Ix y.lt xz yaltmt1xnynl unitcircleinLa

O log n distortion natural for discrete combinatorial settings e.g sparsestcut

Theorem given any metric d Vxv IR o

rand embedding 1801108
n Ivi

Ollogn approx t.ee i ee

for all u v w highprobability



Limetric embeddings Sparsest Cut

Input undirectedgraph G V E
i metric

edge capacities e 0 for EEE

x yl 1 y t 1 2 yalt thanyal demands 6 u v70 for u vEV commetries

natural for discrete combinatorial settings Goal compute SCV minimizing

sparsity 98
cut few edges

a
Uv splitupmanypair

SCS edgescutbys

unit circleinL2
Special case uniform sparsest cut

w uniform demands blu v 1 u v
Theorem given any metric d Vxv IR o

rand embedding 1801108 naive sparsity Y
aol.fi ee

or all u v w high probability

usefulprimitive forgraphpartitioning divide conquer
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11 4111 x y.lt xz yaltmt1xn ynl

natural for discrete combinatorial settings e.g sparsestcut

unit circle in La unit circle in La unit circle in Los
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L metric

1 x yl 1 Ix y.lt xz yaltmt1xn ynl unit circle inL2

natural for discrete combinatorial settings e.g sparsestcut

Theorem given any metric d Vxv IR o

rand embedding
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for all u v w high probability
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Sparsest cut

Taking the dual of the LP InputundirectedgraphG W.F
edgecapacities e 0 for e

min cost metric
demands for a vev
Goal compute SCV minimizin

min e du v over all metrics d V V R 0 sparsity in
sit 366,4 d
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ues.es

rewrite as covering LP
path bundles

let Pst all s t paths P TI Ps t
sit
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sit Σ 61st Ey e 21 for all PEPA
s t eeps t



Separability and ellipsoid algorithm

pathbundles

let P all s t paths P Pst

min clely e over y E R o

sit I 66 4 e 1 for all pets
s t

exponentially many constraints

but given y we can verify constraints in

polytime by computing all pairs shortest paths

LP can be solved by ellipsoid algorithm



Special case uniform sparsest cut

w uniform demands blu v 1 u v

sparsity Y

useful primitive for graph partitioning divide conquer





ideas



Frechet coordinate

let SEV indep sample w some prob p

S
U I

d S v pig d u v



Si
son

filv d Siv pingd s v

for ease of notation let u Fi u



Lemma for u vEV index i

lui vil d a v

each coordinate is a contraction

proof Si
U V d u t d v s

dCu s days
U

Yi utd v s

M

Si set
filv d Siv



Lemma for u vEV

llu v11 cd a v for some

constant 270
Lemma for u vEV index iproof let 8 d u v
lui vilsdla.rs

etri minrist
B u ri 122i

B v ri l22 Si

This

mg s in
221 2

claim for each is w constant prob
luiti vital min ri

8
2 min r

8
2



claim for each is w constant prob

1 1
11 min ri

8
2 min ri 1,823

Lemma for u vEV index i

lui vilsdla.rs

d u Siti dlv SitilnZri rigSi
d u Siti dCv Siti

Sit Frett
T.ms

let S d a v

ri min ns.t.f B u ri 122
B v ri l

in s

caistricthside p



claim for each is w constant prob

IVtil min ri
8
2 min ri 1,8 2

r ri 1 Lemma for u vev index i

lui vilsdla.rs

d u Siti dlv SitilnZri rigSi
d u Siti dCv Siti

Sitt Ittf
This

let S d a v

ri min ns.t.f B u ri 122

of
B v ril

a s II
caistricyside p



5 ¾



Lemma for u vEV

llu v11 cd u v for some

constant 2 0
Lemma for u vev index isproof let 8 d a v
lui vilsdla.rs

etri minrist
B u ri 1221
B v ri l 2 Si

ThisKlaim for each is w constant prob
luiti vital min ri

8
2 min r

8
2

if g
ri

u

to prove lemma
K

EElla vile E I it

C min ri
523 min rin

8 23 2



Lemma for u vEV index i

lui vil d a v

Lemma for u vEV

all put together Ella v11 collar
for some constant 270



1 1

og'ndt llu vlly log n d Lemma
foru.vev.indexi.luvil d a v

Lemma for u vEV
llu v11 collar

ghow

for some constant



take average of Ollogn embeddings Lemma for u vev index i
fix u v lui vil d a v

each coordinate diff lu Vil Lemma for u vEV
llu v11 collaris indep RV w lu v 1 d u v

for some constant 270

Expected sum over all coordinates of all embeddings
10 log n d u v

Chernoff log n d a v w high probabilityscaled by d u v





Probability candtechniques Algorithms

4 metric embeddings Sparsest Cut

LP duality
max flowmin cat



Probability candtechniques Algorithms

4 metric embeddings Sparsest Cut

LP duality
max flowmin cat



Sparsest cut

Input undirected graph G V E

edge capacities e 0 for eeE

demands 6 u v 0 for u VEV symmetric

Goal compute SCV minimizing

sparsity 48
cut few edges

Σ6 u v split up many pairs
UES VES

SCS edges cut by S



Special case uniform sparsest cut

w uniform demands blu v 1 u v

sparsity Y

useful primitive for graph partitioning divide conquer



Sparsest cut

Designing an LP for sparsest cut Input undirectedgraphG CU.F
edgecapacities e 0 for e
demands 6 u v70 for u vEV

Q what would be a linear relaxation for cats Goal compite scv minimizin

sparsity.EE Ei



Sparsest cut

Designing an LP for sparsest cut Input undirectedgraphG CU.F
edgecapacities e 0 for e
demands4170 for uVEV

Q what would be a linear relaxation for cats Goal compute SCV minimizin

sparsity.EE E
Idea 1 sparsest metric

res

min E.EE fh overmetricd vv tro
Linearconstraints
d uv 20 u v

ikiifix.si ceintxx.z



Sparsest cut

Designing an LP for sparsest cut Input undirectedgraphG CU.F
edgecapacities e 0 for e
demands 6 u v70 for u vEV

Q what would be a linear relaxation for cats Goal compite scv minimizin

sparsity.EE E
Idea 1 sparsest metric

res

min over metric dunno
Linearconstraints

iiiiie.it
d xy d x z d zy xy z

Q how to make objective linear



Sparsest cut

Designing an LP for sparsest cut Input undirectedgraphG CU.F
edgecapacities e 0 for e
demands 6 u v70 for u vEV

Q what would be a linear relaxation for cats Goal compite scv minimizin

sparsiti.it i E
Idea 1 sparsest metric

min over metric dunno
Linearconstraints
d uv 20 u v

IzYYczytx.tt

Q how to make objective linear

Idea 2 min cost metric

mine É
e d u v over all metrics d V V Rzo

Sit 6 sit d s t



Sparsest cut

Taking the dual of the LP InputundirectedgraphG CUF
edgecapacities e 0 for e

min cost metric
demands6 1 10 for uVEV
Goal compute SCV minimizin

min
eEele du v over all metrics d V V Rzo sparsity.EE Ein

s.t.gg6
s t d s t

aesives

rewrite as covering LP
path bundles

let Pst all s t paths P TI Pst
5,13

min c e yce over y E R o

sit Σ 61st Ey e 1 for all PEP
s t ee Pst



Separability and ellipsoid algorithm

pathbundles

let Pst all s t paths P Pst

min clely e over y E R o

sit Σ bls.tl e 1 for all pe B
s t

exponentially many constraints

but given y we can verify constraints in

polytime by computing all pairs shortest paths

LP can be solved by ellipsoid algorithm



Sparsest cut

Taking the dual of the LP InputundirectedgraphG CVF
pathbundles edgecapacities e 0 for e

demands6 u v70 for uVEVrewrite as covering LP Bt all sit paths P Pst Goal compie scv minimizin

min clelyce over y E R o sparsity fi E
s.t.Eb s t Ey e 1 for all PEB mini ieiiiisovermetricsa ver

s t ee ps t sit bsitdest

In it
PackingLP Covering LX covers Y Y packs into
maximize46,77 minimize c y
over XERI over yeRE
sit Ax c sit Ay 6max Σ xp over x Bp IR o

pEP

sit Σ
pep

Σ 61st cle eeE
st3 eEPsT

demand multicommodity flow



Sparsest cut
InputundirectedgraphG LVFLP for sparsest cut edgecapacities e 0 for e
demands6 u v70 for uVEV
Goal complie SCV minimizin

min Σ e d u v over metrics d V V IR O
sparsity.EE E1

uesves

st Σ 6 s t d s t
d xy d x z d zy xy z5,1

Q how to round metric to sparse cut



Sparsest cut

Q how to round LP to sparse cut
InputundirectedgraphG CU.F
edgecapacities e 0 for e
demands6 u v70 for uVEV
Goal compilie SCV minimizin

min e d u v over metrics d V V 1120
sparsity.EE E iecause

I it eavesd u v 20 u v

sit Σ 6 s t d s t
5,4

d x y d x z d zy xy z

Suppose d u v was on a line

d u v flu flu for 0,1
assume main flu 1 max f a

FI

a t



Sparsest cut
min

e

e d u v over metrics d V V 20 InputundirectedgraphG CVF
Linear constraints edgecapacities e 0 for e
dluv 0 u v demands6470 for uVEV

sit Eg6 sit d sit ftp.tianya.y.z Goal compute SCV minimizin

sparsiti.ief E
Suppose d u v was of the form

d u v flu flu for 0,1
assume main flu 1 maxf a

pick ETO I uniformly at random

Eat

0 1.2.3.4



Sparsest cut
min c e d u v over metrics d V V 20 InputundirectedgraphG CVF

edgecapacities e 0 for e
d uv 0 u v demands6 u v70 for uVEV

s.t.Eblsitides.tl l time coal commie scv minimizin
sparsity Eini

Suppose d u v was of the form

d u v flu flu for 0,1

pick QEto 13uniformlyatrandom.OFTF otai.o
To

E c S So e Preese Σ clu v d u r

ez u v

E Σb s.tl
s
d s t b s t

SESqte5oOPT
E sparsity

SESO tE5



Sparsest cut
c S So clu v d u v E

fb
sit Edsit b sit InputundirectedgraphG LVFez u v SESO

edgecapacities e 0 for e
demands411 0 for uVEV

But sparsity OPT Goal compute SCV minimizin

sparsity
cutsewed

splitupmanypseSotE5
min.EEesdamovermetediiIEisit 6sitdsit

Suppose d u v was of the form

iii oiiii.itmii.tiii
TIFFIN
To



Sparsest cut
c S So clu v d u v E Esf sit Edsit b sit InputundirectedgraphG LVFez u u

e5 edgecapacities e 0 for e
demands 6 u v70 for uVEV

But E sparsity É OPT Goal compile scv minimizin

sparsity.EE Ei

I ir eiiiiiitlet X OPT sparsity Suppose d u v was of the form

oiiiiiiiimii.fi
E CCS SO XE Σb s t of.TToT.seSqte5g To

E 0,1 sit

C S 50 X Σ6
s t

SESO tE5



Sparsest cut

Q how to round LP to sparse cut
InputundirectedgraphG CU.F
edgecapacities e 0 for e
demands6 u v70 for uVEV
Goal compuié SCV minimizin

min e d u v over metrics d V V 1120
sparsity.EE Eine case

Iiii
resd u v 20 u v

sit Σ 6 s t d s t
5,4

d x y d x z d zy xy z

Suppose d u v was of the form

d u v flu f v for 0,1
assume main flu 1 maxf a

t.EE Faa

L metric
E.TT tao

4



Sparsest cut

min
e

e d u v over metrics d V V 1820 InputundirectedgraphG CUF

d u v 20 u v demands6470 for uVEV
Goal compute SCV minimizinseaman tiiiiiiiiiiiiiiiiiiiii

Suppose d u v was of the form ues.es

d u v flu f.lv for 0,1

then
K K

Σ Ecce f u f v EX Σ Σ 61st f u f v
i 5,1i l e uSEE

for some i

Σ Cce f u f v X gb sit f u f.lu
e Euv3EE

which can be rounded as before



Sparsestcut
min

e

e d u v over metrics d V V 1820 InputundirectedgraphG v E
demands6uv70 for uVEVT t.in iii i is.t

s3b
s t d s t

sparsity Iii
Suppose d u v was of the form

d u v flu f.lv for 0,1

then

e.euecce 1f u fw1EX iggb sit f u f.lv
for some i

ea.EE f u f.lv X
536 sit f u f

v

which can be rounded as before

morale

4 metrics can be rounded w out loss



Sparsest cut
InputundirectedgraphG V FLP for sparsest cut edgecapacities e 0 for e
demands61 70 for uVEV
Goal compute SCV minimizin

min Σ e d u v over metrics d V V IR O

e unsee sparsity.ESt Ei inai
d u v 20 u v

s.t.Ebcsinaes.at iiii ii.m5,1

Q how to round general metric d u v

to a sparse cut



Sparsest cut
InputundirectedgraphG V FLP for sparsest cut edgecapacities e 0 for e
demands4170 for uVEV

min
e

e d u v over metrics d V V IRzo
Goal compute SCV minimizin

Linear constraints sparsity

d u v 20 u v

sit Eg6 sit d sit akiitazstice.name

Q how to round general metric d u v

to a sparse cut

embed d u v in L



L metric

1 x yl 1 Ix y.lt xz yaltmt1xn ynl unit circle inL2

natural for discrete combinatorial settings e.g sparsestcut

Theorem given any metric d Vxv IR o

rand embedding
1801108

n Ivi

adf.fi ce

for all u v w high probability



Sparsest cut
InputundirectedgraphG LVFLP for sparsest cut edgecapacities e 0 for e
demands61 70 for uVEV
Goal compute SCV minimizin

min Σ e d u v over metrics d V V IR O

e unsee sparsity in
d u v 20 u v

s.t.Ebcsinaes.tl 1t iiiii iim5,1

Q how to round general metric d u v

to a sparse cut
Li metric

1 x ylly y t 1 2 Yalt 1inYul unitcircleinla

O log n distortion natural for discrete combinatorial settings e.g sparsestcut

Theorem given any metric d Vxv IR o

rand embedding 1801108
n Ivi

Ollogn approx t.ee i ce

for all u v w highprobability



Chapter 10

Sparsest cut

Let G be undirected, and let b :
1

V
2

2
æ RØ0 be a set of nonnegative demands. Given

a set S, the sparsity of S is defined as the ratio

c(”(S))
q

uœS,v /œS b(u, v) .

(For S = ÿ or S = V , we treat the sparsity of S as +Œ). The sparsest cut problem
is to compute the set S of minimum sparsity. An important special case is uniform
sparsest cut where the demands are uniformly b(u, v) = 1. Then the sparsity has the
simpler form

c(”(S))
|S||S̄| .

To minimize the uniform sparsity, we (of course) want to minimize the numerator
and maximize the denominator. Minimizing the numerator is to find small cuts (as
usual). The denominator (by AM-GM) is maximized by choosing |S| ¥ n/2. So the
uniform sparsest cut is lookingfor a tradeo� between the capacity of the cut and how
“balanced” the cut is. (In fact, sparsest cut is used as a subroutine for the balanced
cut problem, as we will discuss.)

To drive this point further, observe that

1
n

· c(”(S))
min{|S|, |S̄|} Æ c(”(S))

|S||S̄| Æ 2
n

· c(”(S))
min{|S|, |S̄|}

because n/2 < max{|S|, |S̄|} Æ n. That is, up to a constant factor, we are trying to
minimize the ratio

c(”(S))
min{|S|, |S̄|} .
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Here we clearly see the expense of choosing a very small set S.
In this chapter, we describe a very influential result of Leighton and Rao [LR99]

that obtains a O(log(n)) approximation ratio for the uniform sparsest cut problem.
Their algorithm is based on applying region growing to the metric induced by the dual
LP. We then discuss a randomized O(log(n)) approximation algorithm for general
demands based on ¸1-metric embeddings. We will also discuss lower bounds and some
applications of sparsest cut.

10.1 The LP

Leighton and Rao’s algorithm [LR99] is based on rounding an LP relaxation of the
sparsest cut problem with region growing. However, since the sparsest cut optimizes
a ratio, obtaining the linear relaxation is not as obvious. As a step in this general
direction, consider the following (nonlinear) relaxation of the sparsest cut problem.

Compute a metric d : V ◊ V æ RØ0 minimizing the ratio
q

e={u,v} c(e)d(u, v)
q

{u,v} b(u, v)d(u, v) .

Now, we can scale the distances up or down with no e�ect on the ratio. In particular,
we can fix the denominator to be 1, which gives the following optimization problem
which is a linear program.

Find the minimum c-cost metric such that the b-weighted sum of distances
is at least 1.

That is:

minimize
ÿ

e={u,v}œE

c(e)d(u, v)

over all metrics d : V ◊ V æ RØ0

s.t.
ÿ

{s,t}
b(s, t)d(s, t) Ø 1.

(10.1)

10.1.1 The dual

To obtain the dual, it is helpful to rewrite (10.1) as a pure covering problem. Recall
the correspondence between metrics and edge lengths, via shortest path distances.
Then (10.1) is the same as:
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Find the minimum cost edge lengths such that the b-weighted sum of
shortest path distances is at least 1.

To make this more explicit, for s, t œ V , let Ps,t denote the family of all (s, t)-paths.
Let us define a path bundle as a collection of paths P consisting of an (s, t)-path
Ps,t œ Ps,t for every pair (s, t). We let Pú

def= r
{s,t} Ps,t denote the family of all path

bundles. Then we can express the problem above as follows.

minimize
ÿ

eœE

c(e)y(e) over y : E æ RØ0

s.t.
ÿ

{s,t}
b(s, t)

ÿ

eœPs,t

y(e) Ø 1 for all P œ Pú.
(10.2)

We can separate this LP by computing the shortest (s, t)-path for every pair (s, t),
and verifying the covering constraint for this bundle of shortest paths.

(10.2) covers path bundles with edges; thus, the dual packing LP packs path
bundles into edges.

maximize
ÿ

P œPú

x(P ) over x : Pú æ RØ0

s.t.
ÿ

P œPú

x(P )
ÿ

{s,t}:eœPs,t

b(s, t) Æ c(e) for all e œ E.
(10.3)

In (10.3), each path bundle P represents a choice of paths for every (s, t)-pair to
concurrently route the demands b. So (10.3) is trying to concurrently route b as much
as possible subject to the capacity constraints. This problem is called concurrent flow
or demand multicommodity flow.

10.2 Rounding via region growing (for uniform demands)

Leighton and Rao [LR99] addressed the setting of uniform demands b = 1, as well
as “product demands” where the demands are of the form b(u, v) = fi(u)fi(v) for a
fixed vector fi œ RV

Ø0
. In this section we assume uniform demands, b = 1. Then the

sparsity of a set S has the cleaner form of

c(”(S))
|S||S̄| .

Let d be an optimum metric to the metric relaxation (10.1). For uniform demands we
may assume that d(u, v) Æ 1 for all u, v. The goal is to compute a set of vertices S
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with
c(”(S))
|S||S̄| Æ O(log(n)) OPT(10.1) .

Our analysis is divided into two cases. The first, dubbed the “concentrated” case,
is when there is a high concentration of points within a small ball of radius r0 ¥ 1/n2.
The second “non-concentrated” case is when this does not occur. In the concentrated
case we show that the line embedding from the center of the concentrated ball induces
a sparse cut. In the non-concentrated case we partition the graph into pieces with a
region-growing technique; the non-concentrated setting implies that these pieces are
individually small enough to be reassembled to give a sparse cut.

For the remainder of this section, let r0 = 1/2n2.

10.2.1 Concentrated case.

First we consider the concentrated case.
Lemma 10.1. Suppose there exists a vertex s such that |B(s, r0)| Ø 2n/3. Then there
exists r Ø r0 such that B(s, r) has sparsity O(1) OPTL.
Proof. Suppose not. Then for all q > 0, we have

c(”(B(s, r0 + q))) Ø c OPTL|B(s, r0 + q)||V \ B(s, r0 + q)|
(a)
Ø cn OPTL

3 |V \ B(s, r0 + q)|

for a fixed universal constant c > 0 (to be determined). Here (a) observes that
|B(s, r0 + q)| Ø |B(s, r0)| Ø 2n/3.

Define a region-growing weight function W (r) di�erentially by

W (0) = 0
W Õ(0) = c(”(B(s, r)))

W (r) is nondecreasing, bounded below by 0, and bounded above OPTL (by a similar
calculation as in multicut). Now, we have

1 Ø W (1) ≠ W (r0)
OPTL

=
⁄

1≠r0

0

c(”(B(s, r0 + q)))
OPTL

dq

Ø cn

3

⁄
1≠r0

0

|V \ B(s, r0 + q)| dq
(b)= cn

3

Q

a
ÿ

vœV \B(s,r0)

d(v, s) ≠ r0

R

b

(c)
Ø cn

3
ÿ

vœV

(d(v, s) ≠ r0) = cn

3
ÿ

vœV

d(v, s) ≠ cnr0

3 . (10.4)
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(b) implicitly interchanges changes. In (c), the inequality holds because the sum is
extended only by nonpositive terms.

We also have

1
(d)
Æ

ÿ

{u,v}
d(u, v)

(e)
Æ

ÿ

{u,v}
d(u, s) + d(s, v) < n

ÿ

v

d(v, s),

where (d) is by the distance constraint in the LP and (e) is by the triangle inequality.
Plugging back into (10.4), we have 1 > c/6. For c Ø 6, then, we have a contradiction.

10.2.2 Non-concentrated case.

Now we address the remaining non-concentrated case.

Lemma 10.2. Suppose |B(s, r0)| Æ 2n/3 for all s œ V . Then one can compute, a
cut with sparsity O(log n) OPTL.

Proof. We will apply a region growing technique (similar to multicut) to partition V
into sets S1, . . . , Sk µ V such that

1. c(t
i ”(Si)) Æ O(n2 log n) OPTL .

2. |Si| Æ 2n/3 for all i.

Assuming this holds, then, we obtain the desired sparse cut as follows. Since |Si| Æ
2n/3 for all i, we can group the Si’s into two sets T µ V and T̄ = V \ T such that
n/3 Æ |T |, |T̄ | Æ 2n/3. Then T has sparsity

c(”(T ))
|T ||T̄ | Æ c(t

i ”(Si))
(2n/3)(n/3) Æ O(log n) OPTL .

It remains to obtain the sets S1, . . . , Sk. As alluded to above, we will use region
growing to iteratively remove sets of the form B(s, r); the key is to show that there
are always “good” radii r.

Fix a center vertex s œ V . Consider the region-growing weight function W (r)
defined di�erentially by

W (0) = OPTL /n

W Õ(r) = c(”(B(s, r))).

154



10. Sparsest cut
10.2. Rounding via region growing (for uniform demands)

Kent Quanrud
Fall 2022

W (r) is nondecreasing in r and bounded by the range [OPTL /n, (1 + 1/n) OPTL].
Consequently, for a su�ciently large constant c0, there always exists a radius r < r0

such that

W Õ(0) Æ c0n
2 log(n)W (r),

since otherwise the di�erential inequality W Õ(0) Ø c0 log(n)n2W (r) implies that

W (r0) Ø ec0n2
log(n)r0(OPTL /n) > (1 + 1/n) OPTL,

a contradiction. Thus there exists a radius r Æ r0 that, in particular, satisfies

c(”(B(s, r))) = W Õ(r) Æ O
1
n2 log(n)

2
W (r)

Æ O
1
n2 log(n)

2
Q

aOPTL /n +
ÿ

vœB(s,r)

ÿ

eœ”(v)

yece

R

b.

Moreover, by assumption, we have |B(s, r)| Æ 2n/3.
We repeat the following steps until V is empty. Here we let i be the index of the

iteration.
1. Pick si œ V arbitrarily.
2. Find ri œ [0, r0] such that

c(”(B(s, r))) Æ O
1
n2 log n

2
Q

aOPTL

n
+

ÿ

vœB(s,r)

ÿ

eœ”(v)

c(e)y(e)
R

b.

3. Set Si = B(s, r) and V = V \ Si.
We claim that these steps produce sets S1, . . . , Sk satisfying the two requirements
above.

Clearly we have |Si| Æ 2n/3. We also have

c

A
€

i

”(Si)
B

Æ
ÿ

i

c(”(Si))

Æ O
1
n2 log n

2
Q

aOPTL +
ÿ

i

ÿ

vœSi

ÿ

eœ”(v)

c(e)y(e)
R

b

= O
1
n2 log(n)

2
Q

aOPTL +
ÿ

vœV

ÿ

eœ”(v)

c(e)y(e)
R

b

= O
1
n2 log(n)

2
OPTL,

which completes the proof.
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10.2.3 Putting it all together.

Theorem 10.3 (Leighton and Rao [LR99]). The region-growing algorithm described
above gives a O(log n)-approximation to the uniform sparsest cut.
Proof. Let y be an optimum solution to (10.2). It is easy to identify if y falls
in the concentrated or non-concentrated case. For the former, we obtain a O(1)-
approximation; for the latter, a O(log n)-approximation.

10.3 Rounding via L1-metric embeddings

We now analyze a di�erent approach to rounding the sparsest-cut metric, based
on randomized embeddings. This version readily generalizes to general demands
b :

1
V
2

2
æ RØ0.

Let d be any metric that is a feasible solution to LP (10.1). Our goal is to convert
d to a cut with sparsity comparable to the cost of d.

10.3.1 Rounding line embeddings

We first observe that some special cases of metrics are very easy to round – namely,
those related to line embeddings. Suppose there is a function f : V æ R such that

d(u, v) = |f(u) ≠ f(v)| for all u, v œ V.

(Such a function f , placing V on the real line, is called a line embedding.) Rescaling and
translating (which does not e�ect the sparsity), we may assume that minu f(u) = 0,
and maxv f(v) = 1.

Consider the following random cut S (which we have seen before in proving
the max-flow min-cut theorem). Pick ◊ œ (0, 1) uniformly at random, and let
S = {u : f(u) Æ ◊}. Observe that for each edge e = {u, v}, we have

P[e œ ”(S)] = |f(u) ≠ f(v)| = d(u, v).

Thus we can rewrite the sparsity of d as

(sparsity of d) =
q

{u,v}œE c(u, v)d(u, v)
q

{s,t} d(s, t)b(s, t) =
E

Ëq
eœ”(S) c(e)

È

E
Ëq

sœS,tœS̄ b(s, t)
È . (10.5)

Note that the RHS is not the expected sparsity of S. The expected sparsity of S is
the quantity

E[sparsity of S] = E
C q

eœ”(S) c(e)
q

sœS,tœS̄ b(s, t)

D

,
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is not the same as the quantities in (10.5). This is in contrast to our proof of max-flow
min-cut, where S is a minimum (s, t)-cut on average, and the existence of a minimum
(s, t)-cut follows immediately from the probabilistic method.

Still the probabilistic approach can be salvaged with a little more work. Observe
that S can only be one of n ≠ 1 di�erent sets S1, . . . , Sn≠1 where ÿ ( S1 µ S2 µ
S3 · · · µ Sn≠1 ( V . For each i, let pi = P[S = Si]. Then

(10.5) =
qn≠1

i=1
pi

q
eœ”(Si)

c(e)
qn≠1

i=1
pi

q
sœSi,tœS̄i

b(s, t)
.

Now we apply the following elementary fact. (The proof is left as exercise 10.1.)

Lemma 10.4. Let a1, . . . , ah, b1, . . . , bh > 0. Then

min
i

ai

bi
Æ

q
i aiq
i bi

Æ max
i

ai

bi
.

It follows that for some Si, the sparsity of Si is at most the sparsity of d. In
conclusion, we have shown the following.

Lemma 10.5. Let d :
1

V
2

2
æ R be a metric induced by a line embedding. Then one

can partition the vertices into two sets (S, S̄) such that
q

eœ”(S) c(e)
q

sœS,tœS̄ b(s, t) Æ
q

{u,v}œE c(u, v)d(u, v)
q

{s,t} d(u, v)b(s, t) .

Rounding L1-metrics So much for metrics given by line embeddings. How about
a metric obtained as a sum of line metrics? Recall that the L1-metric on Rh is defined
by

Îx ≠ yÎ
1

=
hÿ

i=1

|xi ≠ yi|.

Suppose d was the L1-metric of an embedding f : V æ Rh.That is,

d(u, v) = Îf(u) ≠ f(v)Î
1

=
hÿ

i=1

|fi(u) ≠ fi(v)|

for a function f : V æ Rh. We can think of this as the sum of h line metrics f1, . . . , fh.
The sparsity of d expands out to

(sparsity of d) =
qh

i=1

q
e={u,v} c(e)|fi(u) ≠ fi(v)|

qh
i=1

q
{u,v} b(u, v)|fi(u) ≠ fi(v)|

.
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Applying lemma 10.4 again, we see that one of these line embeddings, say fj, has
sparsity no worse then d. From the line embedding fj : V æ R, we can extract a cut
with sparsity at most that of fj. This establishes the following.

Lemma 10.6. Let d :
1

V
2

2
æ R be the L1-metric over an explicit embedding of V .

Then one can partition the vertices into two sets (S, S̄) such that
q

eœ”(S) c(e)
q

sœS,tœS̄ b(s, t) Æ
q

{u,v}œE c(u, v)d(u, v)
q

{s,t} d(u, v)b(s, t) .

To sum up: L1 metrics can be rounded without loss. We can find an L1-metric
with sparsity within a factor – of the sparsest metric d, then we can covert that into
an –-approximate sparsest cut.

10.3.2 Randomized L1-metric embeddings

We now know that L1-metrics can be rounded to sparse cuts without any loss. But
the LP for sparsest cut produces a generic metric d, that is not an L1-metric.

Our new strategy, given a generic metric d, is to try to find an L1-metric d1 with
sparsity comparable to d. We then invoke lemma 10.6 to round obtain a sparse cut
from d1. Our L1-metric d1 will be defined by a mapping f : V æ Rh (for some h œ N),
so that

d1(u, v) = Îf(u) ≠ f(v)Î
1
.

We will prove the following theorem.

Theorem 10.7. Let d :
1

V
2

2
æ RØ0 be a metric and ” œ (0, 1). For h =

O(log(n) log(1/”)), one can construct a randomized embedding f : V æ Rh such
that for all u, v œ V , we have

Îf(u) ≠ f(v)Î
1

Æ O(log(1/”))d(u, v)

deterministically, and

P[Îf(u) ≠ f(v)Î
1

Æ d(u, v)] Æ ” (10.6)

For ” = 1/ poly(n) and h = O
1
log2 n

2
, we can apply the union bound to (10.6)

over all pairs u, v. This gives the following theorem.
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Corollary 10.8. Let d :
1

V
2

2
æ RØ0 be a metric and ” œ (0, 1). For h = O

1
log2(n)

2
,

one can construct a randomized embedding f : V æ Rh such that with high probability,
for all u, v œ V ,

d(u, v) Æ Îf(u) ≠ f(v)Î
1

Æ O(log n)d(u, v).

The embedding f : V æ Rh described in corollary 10.8 is said to be a O(log n)-
distortion metric embedding as it maps points in one metric space into another while
preserving all distances up to a O(log n)-multiplicative factor.

The O(log n)-distortion embedding into L1 is the last ingredient for the following
algorithm for sparsest cut.

1. Solve the LP (10.1) to obtain a sparsest metric d.
2. Invoke corollary 10.8 to obtain a O(log n)-distortion embedding f :1

V
2

2
æ Rh from d into the L1-metric. The L1-metric via f has sparsity

at most a O(log n) factor greater than d.
3. Invoke lemma 10.6 to round the L1-metric to a cut with sparsity at

most the metric, which is a factor O(log n) greater than the sparsity of
d (and the optimum of (10.1)).

This algorithm is due to Linial, London, and Rabinovich [LLR95], and establishes the
following.

Theorem 10.9. There is a O(log n) randomized approximation to (non-uniform)
sparsest cut (on undirected graphs).

Actually, Linial, London, and Rabinovich [LLR95] observed that one can do slightly
better when there are demands for only k commodity pairs. (i.e., k pairs (u, v) with
b(u, v) > 0.)

Theorem 10.10. There is a O(log k) randomized approximation to sparsest cut,
where k is the number of commodity pairs with nonzero demand.

This approximation factor is obtained by building on the ideas in ??, and left as
exercise 10.2.

Now we describe the randomized algorithm of Linial, London, and Rabinovich
[LLR95] that computes the embedding in theorem 10.14. We note that previously
Bourgain [Bou85] had obtained a deterministic embedding but the output dimension
h was exponential. Linial, London, and Rabinovich’s algorithm [LLR95] can be
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random-Fréchet(d : V ◊ V æ RØ0)

1. for i = 1, . . . , Álog nË

A. let Si sample each v œ V independently with probability 2≠i

B. for each v œ V

1. fi(v) Ω minsœSi
d(s, v)

2. return f : V æ RÁlog nË
Ø0

Figure 10.1: A O(log n) dimension, randomized Frechét embedding with O(log n) distortion
in expectation

interpreted as an e�cient randomized implementation of Bourgain’s embedding
[Bou85].

The algorithm, which we call random-Fréchet, is extremely simple. We generate
Álog nË coordinates. For i = 1, . . . , n, we sample a set Si where each point is sampled
independently with probability 1/2i. For each vertex v, we find the distance between
v and (the closest point in) Si. This gives the ith coordinate of v. Pseudocode is
described in fig. 10.1.

Each coordinate of the randomized embedding is given by distances from a set.
There is a name for this class of embeddings: Fréchet embeddings. fig. 10.2 attempts
to visualize a single coordinate generated in this manner.

10.3.3 Low-distortion in expectation

We now turn to proving theorem 10.14. Consider an instance of the random-Frechet
algorithm, which computes a randomized embedding f : V æ RO(log(n))

Ø0
.

For ease of notation, for a vertex v and coordinate i, we let vi
def= fi(v) denote the

ith coordinate of the embedding of v.

Lemma 10.11. For u, v œ V and i œ N, |ui ≠ vi| Æ d(u, v).

Proof. By the triangle inequality, we have both
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Figure 10.2: Level sets by distance from a set of points S, encoding one coordinate of a
Frechét embedding.

d(s, u) ≠ d(s, v) Æ d(u, v) and d(s, v) ≠ d(s, u) Æ d(u, v).
for all s œ Si.

lemma 10.11 immediate implies the Îu ≠ vÎ
1

Æ O(log n)d(u, v), since there are
O(log n) dimensions and each can contribute at most d(u, v). The harder part
is showing the lower bound: informally, we want to show that Îu ≠ vÎ

1
Ø d(u, v), up

to constant factors. This lower bound is too strong; instead, we settle for the same
inequality but only in expectation.
Lemma 10.12. For u, v œ V , we have E[Îu ≠ vÎ

1
] Ø cd(u, v) for some constant

c > 0.
Proof. For ease of notation, let ” = d(u, v). For each i, let ri be the minimum length r
such that there are at least 2i points at distance Æ r from u, and 2i points at distance
Æ r from v; i.e.,

ri = arg min
r>0

Ó
|{x : d(u, x) Æ r}| Ø 2t, |{x : d(v, x) Æ r}| Ø 2t

Ô

We claim that
For each index i, we have

|ui+1 ≠ vi+1| Ø (min{ri, ”/2} ≠ min{ri≠1, ”/2})

with constant probability c > 0.
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Before proving the claim, suppose it holds true. Let k be the largest index such that
rk≠1 Æ ”/2 (for which the claim applies). We have

E[Îu ≠ vÎ
1
] Ø

kÿ

i=0

E[|ui+1 ≠ vi+1|]

(a)
Ø c

kÿ

i=0

(min{ri, ”/2} ≠ min{ri≠1, ”/2})

(b)
Ø c”

4 ,

as desired. Here (a) applies the claim and (b) is by telescoping sums and recalling
that rk+1 > ”/2.

It remains to prove the claim. We have two cases: (a) ri Æ ”/2, and (b)
ri≠1 < ”/2 Æ ri. We assume without loss of generality that ri is defined by u;
i.e., |{x : d(u, c) < ri}| < 2i.
Case 1: ri Æ ”/2. Let U = {x : d(u, x) < ri}, and let V = {x : d(v, x) Æ ri≠1}. We
have |U | < 2i and |V | Ø 2i≠1. Since ri≠1 < ri Æ ”/2, U and V are disjoint.

 

M V

zz
I I

2 i

Si+1 samples each point with probability 2≠i≠1. By direct calculation, Si+1 samples
no points from U with constant probability, and at least one point from V with constant
probability. Since U and V are disjoint, whether any point from U is sampled and
whether any point from V is sampled is independent. Thus Si+1 samples a point from
V and no points from U simultaneously with some constant probability c > 0. In this
event, we have ui+1 Ø ri and vi+1 Æ ri≠1, so ui+1 ≠ vi+1 Ø ri ≠ ri≠1. In expectation,
we have

E[|ui+1 ≠ vi+1|] Ø c(ri ≠ ri≠1),

as desired.
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Case 2: ri > ”/2 > ri≠1. Let U = {x : d(u, x) Æ ”/2} (with ”/2 in place of ri) and
let V = {x : d(u, v) Æ ri≠1/2}.

U V

it
2 22
2 i

By the same argument as above, we have that Si+1 samples a point from V and
no points in U with some constant probability c > 0. In this event, ui+1 ≠ vi+1 Ø
”/2 ≠ ri≠1.

Theorem 10.13. randomized-Frechet embeds V into RÁlog nË such that

Îu ≠ vÎ
1

Æ Álog nËd(u, v) and E[Îu ≠ vÎ
1
] Ø cd(u, v) for all u, v œ V ,

for some absolute constant c > 0.

10.3.4 Amplification

Theorem 10.13 shows that a single instance of randomized-Fréchet obtains O(log n)
distortion “in expectation”, so to speak, for each pair of vertices. In particular the
embedded distance is bounded above deterministically but below only in expectation.
We want to strengthen this so that the lower bound holds with high probability.

Theorem 10.14. With probability of error 1/ poly(n), the average of O(log n) em-
beddings produced by randomized-Frechet is an embedding V into RO(log

2 n) such
that

cd(u, v) Æ Îu ≠ vÎ
1

Æ C log(n)d(u, v) for all u, v œ V

for absolute constants c, C > 0.

Proof sketch. Fix u, v œ V . We treat each coordinate di�erence |ui ≠ vi| (for O
1
log2 n

2

coordinates over O(log n) independent calls to random-Frechet) as an independent
random variable bounded above by d(u, v). The expected sum of the |ui ≠ vi|’s is
�(n log(n)). By standard Cherno� inequalities, the sum is strongly concentrated at
the mean; scaling down by log n (from averaging) gives the desired result.
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10.4 Expander lower bounds

Recall that the integrality gap of an LP relaxation is the maximum (multiplicative)
di�erence between the value of the LP and the discrete problem. The rounding
algorithms above show that the integrality gap of the metric LP relaxation (10.1) is
at most O(log n) for uniform sparsest cut (or O(log k) for k commodity pairs). We
want to find a lower bound on the integrality gap as tight as possible.

Consider sparsest cut. The LP asks for the sparsest metric. The sparsest cut
is at most a O(log n)-multiplicative factor greater then the sparsity of the sparsest
metric. We want to find a family of graphs where the sparsest cut is at least a
�(log n)-multiplicative factor greater than the sparsest metric. We will show this for
a family of graphs called constant-degree expanders.

An unweighted, undirected graph G is a Ï-expander if for all sets S µ V ,

|”(S)| Ø Ï min{|S|, |S̄|}.

The definition extends to weighted graphs by replacing the LHS with the weight of
the cut. We only need to consider unweighted graphs for our lower bound.

An obvious example of a graph with high expansion is a clique, i.e., a complete
graph. The clique on n vertices has expansion n/2. An obvious example of a graph
with low expansion is a tree; a tree on n vertices has expansion �(1/n). As noted in
the introduction, expansion and uniform sparsity are, up to scaling, within a constant
factor of one another. Sparse cuts imply low expansion and high expansion imply no
sparse cuts.

The clique and tree examples reflects a general intuition that high expansion
is correlated with many edges in the graph. But in fact this is not necessarily so:
there exists graphs with constant expansion (much higher than a tree) but constant
maximum degree (like a tree, and unlike a clique).

Theorem 10.15. There exists constants c, d such that for all su�ciently large n,
there exists a c-expander with n vertices and maximum degree d.

The fact that a very small (constant degree) graph can be strongly connected
(i.e., have large expansion) has vast and profound consequences. We will see this
phenomena realized in a few di�erent places in this course. Below we will prove
theorem 10.15 by showing that the union a constant number of uniformly random,
perfect matchings is an expander with nonzero probability. First, we use theorem 10.15
to lower bound the integrality gap.
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10.4.1 Integrality gap for uniform sparsest cut

Theorem 10.16. Integrality gap for uniform sparsest cut is O(log n).

Proof. By theorem 10.15, let G be an n-vertex c-expander with maximum degree d,
where c and d are universal constants. For every set of vertices S, we have

(sparsity of ”(S)) = |”(|S|)|
|S||S̄|

(a)
Ø c min{|S|, |S̄|}

|S||S̄| Ø c

n

where (a) invokes the definition of a c-expander.
By LP duality, the sparest metric has sparsity equal to the maximum throughput

⁄ of any concurrent flow. We claim that any concurrent flow has throughput ⁄ at
most O(1/n log n). Then multiplicative di�erence between c/n and O(1/n log n) is
�(log n), as desired.

To upper bound ⁄, we argue that, since G has constant maximum degree, for
almost every (s, t)-pair, the length of the shortest (s, t)-path is at least (roughly) log n.
This implies that all the flow paths in the concurrent flow has at last log n, and almost
every (s, t)-pair requires a total capacity of ⁄. Meanwhile the total capacity of the
graph is limited because G is sparse, which leads to an upper bound on ⁄.

To this end, fix s. Since G has maximum degree d, there are at most d vertices at
distance 1 from s, at most d2 vertices at distance 2 from s, and so forth. In general
there are O(di) vertices at distance i or less from s. For h = logd(n)/2, there are at
most O(

Ô
n) vertices at distance h or less from i. This leaves n ≠ O(

Ô
n) vertices at

distance h = �(log n) or greater from s. Over all s, there are (1 ≠ o(1))
1

n
2

2
pairs (s, t)

at distance �(log n).
It follows that any concurrent flow with through ⁄ – which, in particular, sends ⁄

units of flow between �(n2) (s, t)-pairs at distance �(log n) – requires a total capacity
of O(n2 log(n)⁄). But the total capacity in the constant degree expander is O(n). So
⁄ Æ O(1/n log n).

Remark 10.17. The proof above used to constant maximum degree to argue that
most (s, t)-pairs are at distance �(log n). Meanwhile one can show that a graph with
constant expansion has diameter O(log n)1. See exercise 10.6.

10.4.2 A few random matchings make an expander

We now turn to proving theorem 10.15. While a proof of existence would su�ce, we
will prove theorem 10.15 via a very simple, randomized construction (for n even):

1The diameter of a graph is the maximum (s, t)-distance among all (s, t) pairs.
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namely, for a fixed set of n vertices, the union of a few (independently sampled)
uniformly random perfect matchings over these n vertices has constant expansion.
We remark that there are many other constructions and in particular there is interest
in questions such as deterministic constructions, implicit constructions of very large
expanders with compact oracle access, and extreme families such as Ramanujan
graphs.

Theorem 10.18. Let n be even and su�ciently large. There exists constants c, d > 0
such that the union of d independent and uniformly random matchings of a set of n
vertices form a c-expander with high probability.

Proof. Let d œ N be a parameter to be determined, and consider the union of d perfect
matchings over a fixed set of n vertices. We want to show that for every set S of size
|S| Æ n/2, |”(S)| Ø c|S| for some constant c.

We reframe this claim as follows. Let S µ V be of size k
def= |S| Æ n/2. Let

T ™ V \ S be of size |T | = k/6.
Claim. With nonzero probability, for all such S and T , some vertex in S is matched
to a vertex outside S fi T .

The claim directly implies that, for all sets S with at most n/2 vertices,
|N(S) fi S| Ø (7/6)|S|. (Otherwise take T = N(S) \ S.) In turn, for all such S,
we have

|”(S)| Ø |N(S) fi S| ≠ |S| Ø |S|/6,

as desired.
We will prove the claim probabilistically: our first goal is to fix S and T , and

bound the probability that all of S is matched to S fi T .
To this end, for fixed S and T , consider the following randomized procedure for

generating a perfect matching.

1. Index the vertices v1, . . . , vn such that S = {v1, . . . , vk} and T =Ó
vk+1, . . . , v7k/6

Ô
.

2. Repeat n/2 times:
(a) Let vi be the unmatched vertex of smallest index
(b) Sample vj among the remaining unmatched vertices uniformly

at random.
(c) Match vi with vj

While this procedure might appear biased by S and T , we argue that it is not.
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Claim. The above steps generate a uniformly random perfect matching.
Indeed, observe that each random choice in the procedure leads to a di�erent

matching. There are (n ≠ 1)(n ≠ 3) · · · 1 possible outcomes and all are equally likely.
There are also (n ≠ 1)(n ≠ 3) · · · 1 possible matchings. This proves the claim.

Thus we may assume that our d perfect matchings are generated by the procedure
above. Now, for a single matching, the probability that S is matched to (S fi T )
is bounded above by probability that first k/2 choices of vj’s are in S fi T . The
probability of this is bounded above by

k/2Ÿ

i=1

(7/6)k ≠ 2i + 1
n ≠ 2i + 1

(a)
Æ

k/2Ÿ

i=k/3+1

A
k/2
n/2

B

=
A

k

n

Bk/6

Æ
A

n

k

B≠1/6

.

In (a) we observe that

(7/6)k ≠ 2i + 1 Æ k/2 i� i Ø k/3 + 1/2

and that

n ≠ 2i + 1 Ø n/2 i� i Æ n/4 + 1/2, if i Æ k/2 + 1/2

For d matchings, the probability that S is matched to (S fi T ) in all d matchings is
bounded above by

1
n
k

2≠d/6

Now we take a union bound over all choices of S and T .
We have

A
n

7k/6

BA
7k/6

k

BA
n

k

B≠d/6

=
A

n

k

B
1≠d/6

Æ
A

n

k

B≠�(d)

for a su�ciently large constant d.Taking a union bound over k = 1, 2, . . . , n/2, we
conclude that with high probability, all sets S with |S| Æ n/2 have at least |S|/6
neighbors. So the union of a constant number of random matchings is a (1/6)-
expander.

10.5 Application: Minimum bisection

A bisection is a partition of the vertices V into (S, S̄) of (essentially) equal size:
Ân/2Ê Æ |S|, |S̄| Æ Án/2Ë. Alternatively a bisection can be defined in terms of cuts
as a set of edges whose removal leaves the graph with connected components of at
most Án/2Ë vertices each. In any case the minimum bisection problem is to compute
a vertex set S µ V of size |S| = Ân/2Ê minimizing the cost of the cut, c(”(S)).
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There is a natural connection between minimum bisection and the sparsest cut
– the minimum bisection problem can be recast as the restricting the sparsest cut
problem to vertex sets with exactly half the vertices.

The following algorithm uses a O(log n)-approximation for uniform sparsest to
obtain a bicriteria-approximation algorithm. In particular, it returns a (1/3)-balanced
partition (S, S̄) – that is, n/3 Æ |S| Æ 2n/3 – with cost at most O(log n) times the
cost of the minimum bisection. The algorithm is very simple. It repeatedly computes
the sparsest cut and removes the smaller side from the graph, until the number of
vertices removed is at least n/3 (and necessarily at most 2n/3).

1. For i = 1, 2, . . .

A. Si Ω smaller side of a O(log n)-approximate uniform sparsest cut.
B. If |S1| fi · · · fi |Si| Ø n/3

1. return (S1 fi · · · fi Si, V ≠ (S1 fi · · · fi Si)).
C. Else remove Si and all incident edges form the graph, and repeat.

It is (relatively) easy to see why the algorithm returns a (1/3)-balanced cut; it
remains to show that the cost is comparable to that of the minimum bisection. The
intuition is as follows. Suppose for simplicity we have an exact algorithm for the
sparsest cut. The sparsest cut is very close to the minimum (weighted) expansion,
which we recall is the cost of the cut divided by the number of vertices on the smaller
side of the cut. In particular this ratio for the sparsest cut is no worse than that of
the minimum bisection. If the sparsest cut is balanced, then its cost is comparable to
the minimum cost bisection. While its not balanced, we can interpret the sparsest
cut as removing some vertices from the graph at the cost of the edges being cut. The
ratio of vertices removed per unit cost – the bang-for-buck, so to speak – is at least as
good. So we are gradually removing vertices while paying a favorable rate compared
to the minimum cost bisection.

There are some additional details to take care of – for one, the minimum bisection
in the input graph may no longer be a minimum bisection in the residual graphs,
although it will still be somewhat balanced as long as we haven’t removed n/3 vertices
yet. Also we only have a O(log n)-approximation for the sparsest cut, which will imply
that we pay an additional O(log n) factor throughout the argument. exercise 10.3
guides the reader through a formal proof of the argument.

Theorem 10.19. In polynomial time, one can compute (1/3)-balanced cut with total
cost at most a O(log n)-factor greater than the minimum bisection.
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10.6 Exercises

Exercise 10.1. Prove lemma 10.4.
Exercise 10.2. Recall the randomized O(log n) approximation algorithm for sparsest
cut based on L1-embeddings. Show how to adjust the algorithm and analysis to obtain
a randomized O(log k) approximation factor where k is the number of commodities
with nonzero demand.
Exercise 10.3. Recall the bicriteria approximation algorithm for the minimum
bisection problem from section 10.5.

1. Show that the algorithm returns a 1/3-balanced cut.

2. For each iteration i, w/r/t the graph remaining at iteration i, we have
c(”(Si))

|Si|
Æ O(log(n))OPT

n
.

3. Combine the two parts above to prove that the algorithm returns a 1/3-balanced
cut of size O(log n) OPT.

Exercise 10.4. One generalization of uniform sparsest cut is to directed graphs. Here
one is given a directed graph G with edge costs c; the (directed, out-) sparsity of a
set S is defined

c(”+(S))
|S||S̄|

where we recall that ”+(S) is the directed cut of edges leaving S. The directed uniform
sparsest cut problem to find the set S minimized the directed sparsity just defined.
Extend Leighton and Rao’s algorithm [LR99] to obtain a O(log n) approximation for
the directed uniform sparsest cut2.
Exercise 10.5. One can also consider the bisection problem in directed graphs. Here
the goal is to find a vertex set S of size Ân/2Ê Æ |S| Æ Án/2Ë minimizing the cost
of the directed cut c(”+(S)). Suppose one had access to a O(log n) approximation
algorithm for uniform directed sparsest cut (as described in exercise 10.4). Using
this as a subroutine, design and analyze an algorithm that obtains a bicriteria
approximation algorithm for the minimum directed bisection problem with essentially
the same approximation bicriteria for the undirected setting: compute a set S with
n/3 Æ |S| Æ 2n/3 with cost c(”+(S)) at most a O(log n)-factor greater than that of
the minimum directed bisection.

2This is not an easy exercise.
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Exercise 10.6. Prove that any graph G with constant expansion has diameter
O(log n).

10.7 Additional notes and references

One can do better than a O(log n) approximation for uniform sparsest cut – Arora,
Rao, and Vazirani [ARV09] gave a O

1Ò
log n

2
via semi-definite programming and

ideas from high-dimensional geometry. We may discuss this result later in the course;
in the meantime we refer the reader to lecture notes by Rothvoss [Rot16].

We refer to Spielman [Spi19] and Trevisan [Tre16] for further background on
expanders, especially in the context of spectral graph theory. ?? follows the proof in
[Tre16].
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