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Abstract—We settle the fundamental problem of esti-
mating the mean of a real-valued distribution in the high
probability regime, under the minimal (and essentially
necessary) assumption that the distribution has finite
but unknown variance: we propose an estimator with
convergence tight up to a 1 + o(1) factor. Crucially, in
contrast to prior works, our estimator does not require
prior knowledge of the variance, and works across the
entire gamut of distributions with finite variance, including
those without any higher moments. Parameterized by
the sample size n, the failure probability δ, and the
variance σ2, our estimator has additive accuracy within
σ · (1+ o(1))

√
2 log 1

δ
n , which is optimal up to the 1+ o(1)

term. This asymptotically matches the convergence of the
sample mean for the Gaussian distribution with the same
variance. Our estimator construction and analysis gives a
framework generalizable to other problems, tightly ana-
lyzing a sum of dependent random variables by viewing
the sum implicitly as a 2-parameter ψ-estimator, and
constructing bounds using mathematical programming
and duality techniques.

I. INTRODUCTION

We revisit one of the most fundamental problems
in statistics: estimating the mean of a real-valued dis-
tribution, using as few independent samples from it
as possible. Our proposed estimator has convergence
that is optimal not only in a big-O sense (i.e. “up
to multiplicative constants”), but tight to a 1 + o(1)
factor, under the minimal (and essentially necessary,
see below) assumption of the finiteness of the variance.
Previous works, discussed further in Section II, are
either only big-O tight [12, 22, 1], or require additional
strong assumptions such as the variance being known
to the estimator [4] or assumptions that allow for
accurate estimates of the variance, such as knowledge
of an upper bound on the kurtosis (normalized fourth
moment) [4, 7].

A. The Model and Main Result
Given a set of i.i.d. samples from a real-valued

distribution, the goal is to return, with extremely high
probability, an accurate estimate of the distribution’s
mean. Specifically, given a sample set X of size n
consisting of independent draws from a real-valued
distribution D, an (ϵ, δ)-estimator of the mean is a
function µ̂ : Rn → R such that, except with failure

probability ≤ δ, the estimate µ̂(X) is within ϵ of the
true mean µ(D). Namely,

P(|µ̂(X)− µ(D)| ≤ ϵ) ≥ 1− δ (1)

The goal is to find the optimal tradeoff between
the sample size n, and the error parameters ϵ and δ,
for the distribution D. Fixing any two of the three
parameters and minimizing the third yields essentially
equivalent reformulations of the problem: we can fix
ϵ, δ and minimize the sample complexity n; we can
fix δ, n and minimize the error ϵ; or we can fix ϵ, n
and minimize the failure probability δ (maximizing the
robustness 1− δ).

Perhaps the most standard and well-behaved setting
for mean estimation is when the distribution D is a
Gaussian. The sample mean (the empirical mean) is
a provably optimal estimator in our sense when D is
Gaussian: for any ϵ, δ > 0, the sample mean µ(X)
is an (ϵ, δ)-estimator when given a sample set of size
n = 2 · σ2(D)·log 1

δ
ϵ2 (all logarithms will be base e);

and there is no (ϵ, δ)-estimator for Gaussians if the
constant 2 in the previous expression for the sample
size is changed to any smaller number.

The main result of this paper is an estimator (Sec-
tion III) that performs as well, on any distribution with
finite variance, as the sample mean does on a Gaussian,
without knowledge of the distribution or its variance:

Theorem 1. Estimator 1, given δ, n > 0, and a sample
set X of n independent samples from distribution D,
will, with probability at least 1 − δ over the sampling
process, yield an estimate µ̂ with error at most

|µ̂(X)− µ(D)| ≤ σ(D) · (1 + o(1))

√
2 log 1

δ

n

Here, the o(1) term tends to 0 as
(

log 1
δ

n , δ
)
→ (0, 0),

at a rate that is independent of D.
Furthermore, as evidenced by the Gaussian case,

there is no estimator which, under the same settings,
produces an error that improves on our guarantees by
more than a 1 + o(1) multiplicative factor.

We have parameterized the above theorem in terms
of fixing the sample size n and the robustness param-
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