













































































Random Sums and Graphs
















































































Probability Algorithms

Events probabilities
conditional probabilities

Approx 3 SAT
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Probability Algorithms
Hash functions

Frequency Estimationa
Universal HashFunctions

h n k sit forallpairs i jeIn Heavy Hitters instreams
Prhci h j muchweakerthanidealhash

eg hex Caxt6 modp modk
where pprime K A hi

a in I m p unitrandom Az hz6 in 0 m p13 unit random
As hs
Anh4Markov's Inequality estimate fi w
Adhd j.fi dAjThjCiMarkov's Inequality specialcases

Let 0 be nonnegative RV
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Probability Algorithms

K wise independence Hash tables w

chaininghigher order moments
linear probing

generalizating universal hash
functions and Markov's inequality

insert

y y ifeng.iq Einh the 2h
awise independenthashtunctions

iiiii aims hEiÉE i i.ithTU Im

soran i.tt Ioea wiseindependent is ii.fi
PThEx v hlxzvz mhlxdvid andM E XtmtXn thenfor β70
hex aotaixtazxt tak.inmodpPrTXitmtXn n B g m a showman
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Probability Algorithms

Random ContractionsGalton Watson processes
for min cut

n
a a

2
7 7th 11 25 86

3 3
18hummus fifummera

let T completebinarytreeofheight k
w everyedgedeleted w prob To 94

Fact PTsomeleafconnectedto root Amplificationbybranching
GaltonWatsonprocess

Randomized contractions
Insteadofrestartingatthe

P beginningrestartpartwaythrough

samplee Einproportiontoc a a Highlevelalgorithm
contracte randomlycontractuntilprob

returnsetofedges inoriginalgraph 4 ofruiningthemincut iscontracted toremainingedge
Branch

4 i 3 maketwocopiesofcurrentgrap
4 3 recurseonbothcopies
















































































Probability Algorithms results

Multiplicative Random graphs
Chernoff Bound the giant component
















































































Probability Algorithms results

Multiplicative Random graphs
Chernoff Bound the giant component
















































































Flip 100 coins

50 come up heads

Should you be surprised

Maybe a little I 8 chance
















































































Flip 100 coins

0 come up heads

Should you be surprised

Absolutely 00 chance
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Flip 100 coins 10
20

I

10525 come up heads

Should you be surprised

Yes 2.818 10
7
















































































Flip 10 coins

I 4 come up heads

Should you be surprised

No I 37.7
















































































10
20

10
9

Flip 1000 coins
00377

40 come up heads

Should you be surprised

Yes 1.364 10
10
probability
















































































10 coins 1000 coins

14 heads 140 heads

I 37.7 1.364 10
10
prob

scale matters
















































































Concentration phenomena

let X m X E 10,17 be independent

µ ETX tmt Xn

Q probability that

X t Xn is close to m
multiplicatively

A error probability exponentially small in M
















































































Multiplicative Chernoff bound

let X m X E 10,17 be independent

µ ETX tmt Xn

EECO 1

PIX tmt Xn item I e M3

PIX tmt Xn ICI e m I e Ema

proof at end if time permit
















































































Probability Algorithms results

Multiplicative Random graphs
Chernoff Bound the giant component
















































































Erdos Rényi graphs Gln p class

n vertices

each edge sampled independently

w probability p

Q what does such a graph
look like

does it consistently have

certain properties

























































Erdos Rényi graphs G n p
n vertices

each edge sampled independently
w probability p

t

threshold phenomena
















































































https://www.cs.purdue.edu/homes/dgleich/demos/erdos_renyi/er-150.gif
















































































Proof outline c 1

Gap theorem let p HE n w high probability

all components have size
small component large component

011021 or R en

Existence of large component

Uniqueness of large component
















































































Gap theorem let p HE n w high probability
all components have size

0119th or R en

Setup
fix vertex V

let Cv V connected component of v

to analyze v imagine
revealing v w a search algo

Fiii






fix vertex V Cv V connected component of v

Search algo

A vertices known to be in Cv initially A v3

B explored vertices initially 13 0

while there is a vertex Vie AIB
add all neighbors of v to A

add v to B



Indexed version of Search algo

Ai vertices known to be in ca after i iter
Ao v3

BE explored vertices after i iterations Boo

1 For i 1,2 m until Ai B
a Let vie Ai I Bit
6 Ai Ai UNLV

c Bi Bi g U vi



A vertices known to be in CCV after i iter

Observation 1 BE exploredvertices after i iterations

algo terminates iff 1A i 1 For 1 1,2 until A B

a Let V E Ai 1 Bit
6 A Ai UNCV

6 c Bi i c B Bi u vis
Bi Ai

Bi Ai 1Ail i



Ai verticesknowntobein CCV after i iter

Observation 1 BE exploredvertices after i iterations

1 For 1 1,2 until A B

algo terminates iff Ail I a Let vie Air Bit
6 A Ai_UNCV
c B Bi U v

Observation 2 Ait Ai U Sit

where Sit samples each EVIA independently

w probability p

Key point Analysis oblivious to B



Observation 1 algo terminates if I Ail i

Observation 2 Ait Ai U Sit
where Sit samples each re VIA independently
w probability p

1 For i 1,2 until A B 1 For i 1,2 until Aiki
a Let Vie Ai I Bit a Let Si randomly sample
6 Ai Ai UNLV VIA w probability p
c Bi Bi gu vi b Ai Ai ius

equivalent



Gap theorem let p HE n w highprobabilitwhat is the distribution of all componentshave size 1011021 or R en

A 4 1A p n 1 Multiplicative Chernoff bound
let X m XnE 0,1 be independent

µ ETX tmtXn EECO1

P X A2 tp
PEitntxnect.am e em

1 For 1 1,2 until Ail

Az 1
a Let Si randomly sample

142 1 heads w
VIA w probability

h 1 cointosses 6 Ai Ai US

rob heads 1 tp

43 1
1131 1 4 1 l p

3

1Ail 1 1 1 p
Ailt



Gap theorem let p HE n w highprobabilit
let i Ef all componentshave size 0 19h or R en

Multiplicative Chernoff boundLemma 1 EE Ai1JZ ItE iletX m XnETO 1 be independent
2

µ ETX m Xn EECO1

P X t Xn 1 em e 5m12

EIA 1 1 1 1 p n 1
1 For 1 1,2 until Ail
a Let Si randomly sample

1 p e
P V1 Ait w probability

6 A Ai US

E Éteᵗʰ n 1
or P

CEI EI n 1

Σ so

HE 1448 1 45CIR CHEEE



I

j Gap theorem let p HE n w highprobabilit
let i Ef all componentshave size 011021 or R en

Multiplicative Chernoff boundLemma 1 E Ail I
E
I let X.m.xneto.IT be independent

µ ETX mtXn EECO1

Lemma 2

PTA L i e
e i
E itntnea emse.ee

1 For 1 1,2 until Ail
a Let Si randomly sample

2 VIA w probability
A Xv Ai Airus

Xr
1 if reA

PrTIA KITS
0 otherwise

Pr IAII 1 1M
u E A HE

Σ
se
14PM

e
EM 32



Gap theorem let p HE n w highprobabilit
let i Ef all componentshave size 0 1 1 or R en

Lemma 1 E 1A Ite Multiplicative Chernoff bound
let X m XnE 0,1 be independent

µ ETX tmt Xn EECO1

Lemma 2 P X m Xn 1 em e Ema

PTIA i e
51 8 1 For 1 1,2 until IAik

a Let Si randomly sample
V1 Ait w probability

for i 32
ogn E Σ 6 Ai Ai ius

by union bound over
32 ogn is

Ai fails for some

p 3272 i



Proof outline c l

Gap theorem let p lte n w high probability

all components have size

1011921 or In Em

Existence of large component

Uniqueness of large component



Existence of largecomponent



Last time

w

a 3h
3 3 E

let T complete binary tree of height h
W every edge deleted w prob 12

Fact PT some leaf connected to root 7th
GaltonWatson process



let T complete k ary tree of height h

w every edge deleted w prob
kept

Fact PT some leaf connected to root

Galton Watson process



let T complete K ary tree of heighth
w everyedge deleted w prob

Equivalent process Fact PTsomeleafconnected to root
GaltonWatsonprocess

start w population of size 1

Each generation each individual flips k coins

w prob of heads

heads children

Fact PTsurviving h generations



Idea

soapy ygg.gggggggggypmn

i.e relate
Fact PTsomeleafconnected to

1 For 1 1,2 until A B
a Let V E Ai Big
6 A Ai UNCV

Vo c B Bi U vis
o

V V251 0 0

0 0 0



Recall search algo
conditional on 1A Ish let T complete K ary tree of heighth

w everyedge deleted w prob

Ai Ai is like sampling Fact Pisomeleafconnectedto.EE Ih
n h Te children of 1 For 1 1,2 until A B

some node each w
a Let vie Ai IBi
6 A Ai_UNCV

prob p
c B Bi u v

surviving h generations
total population h

IAil i ish i.e reach Ailth



Recall search algo
conditional on 1A Ish let T complete K ary tree of heighth

w everyedge deleted w prob

Ai Ai 1 is like sampling Fact Pisomeleafconnectedto.EE Ih
n h Te children of 1 For 1 1,2 until A B

some node each w
a Let vie Ai IBi
6 A Ai UNCV

prob p
c B Bi u v

surviving h I

PLIA i ish P
generations T



Proof outline c l

Gap theorem let p lte n w high probability

all components have size

1011921 or I R En

Existence of large component

Uniqueness of large component



Uniqueness of large component

Imagine sampling G n p as

sample 6 n 2 p q n possible
sample G2 n 2 p CHEI en En
combine 6 and 62
sample cross edges 12

V12



Multiplicative Chernoff bound

let X m Xn C 0,1 be independent

µ ETX tmtXn

EE 0,1

P X tmtXn CHEM e
8 3

P X tmtXn 1 e M e EMA

proof at end if time permit


